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OPERATIONS RESEARCH
-Known as Management Science, System Analysis, Quantitative Method, Decision Analysis.
-Definition: The application of the scientific methods, techniques and tools to problem involving the operations of systems so as to provide those in control of the operations with optimum solutions to the problems.

Historical Development
-Began during WW II as a separate discipline.
-England (Operational Research): British government organized teams of experts to solve perplexing strategic and tactical problems.

-USA (Operations Research): Applied OR to the deployment of merchant marine convoys to minimize losses from enemy submarines.

-Following the WW II: OR extended into industry

-Oil refineries, steel and paper mills.

 -Expansion to almost all industries, services and large social and urban systems.
Benefits
-Increase the effectiveness of the decision.

-Enable evaluation of situations involving uncertainty.

-Provide a systematic and logical approach to decision making.

-Allows quick and inexpensive examination of a large number of alternatives.
Limitations
-Time-consuming.

-Can be expensive to undertake, relative to the size of the problem.

-Lack of acceptance by decision makers.

-Assessments of uncertainties are difficult to obtain.

Tools of OR
-Decision Tables


-Decision Trees

-Game Theory



-Forecasting

-Queuing Models


-Markov Analysis

-Dynamic Programming

-Linear Programming

-Integer Programming

-Inventory Models

-Transportation Models

-Simulation    etc.
Mathematical Model
-Model: Simplified representation of reality.

Mathematical model: a mathematical representation of an actual situation.

-Components: sets of mathematical expressions such as equation or inequalities.

-All mathematical models are comprised of three basic components: result variables, decision variables and uncontrollable variables.

-There are two major parts.
1. The objective function
-Express the dependent variables in the model as they relate to the independent variables.

       


Z   =    P1X1  +  P2X2
Z    =     dependent (result) variable

P1, P2   =     uncontrollable variables

X1, X2   =     decision variables (controllable)

2. The constraints
-Express the limitations imposed on managerial systems due to regulations, competition and technology, etc.

                          X1  +  X2   ≤   50

Process of Operations Research

                              




                                           Validation   

                                 Solution Testing,

                                                  Verification    





                                                            Yes                                                                 No    

Linear Programming (LP)

-LP is a tool for solving optimization problem.
-All the mathematical functions in the model are linear.

-George Dantzig developed an efficient method, the simplex method, for solving LP problems.

-Deal with allocation problems: to determine an optimal allocation of an organization’s limited resources.
Problems
The product-Mix Problem
-There are two or more products.

-Find out which products to include in the production plan and in what quantities.

-Mostly to maximize profit with fixed resources.

The Blending Problem
-To determine the best blend of available ingredients to form a certain quantity of a product under strict specification.

-Minimize the cost of ingredients.

Formulation 
1. The decision variables
-Controllable.

-To find the value of decision variables is to find the optimal solution to the problem.

-The number of units to be produced, the quantities of the resources to be allocated.

2. The objective function
-A linear function with a single goal.

-Maximization or Minimization.

3. The constraints
-Uncontrollable restrictions or requirements.

-Expressed as linear inequalities and/or equations.

Terminology
Optimization
-LP attempts to either maximize or minimize the value of the objective function.

Profit or cost coefficients
-They are the coefficients of the variables in the objective function.

Constraints
-Expressed as linear inequalities and/or equations.

-Reflect the fact that resources are limited in the blending problem.

Input-output coefficients
-They are coefficients of the constraints’ variables.

Capacities
-Expressed as some upper or lower limit.

-On the right-hand side of the constraints.

Non-negativity
-To express that decision variables must have non-negative values in all LP problems.

General Formulation
Max or Min z  =  c1x1 + c2x2 + c3x3 +…+ cnxn
Subject to :  a11x1 + a12x2 +…+ a1nxn   ≤   b1
                    a21x1 + a22x2 +…+ a2nxn   ≤   b2
                     …      …      …     …      …   …

                    am1x1 + am2x2 +…+ amnxn  ≤   bm
                   all  xi   ≥   0   ,  i  =  1, 2, 3, …, n  

(non-negativity constraints)
Ex  The Product-Mix Problem
The two models of color TV sets produced by the ABC Corporation will be designated as A and B. The company is in the market to make money. The profit realized is $300 from set A and $250 from set B. There are certain limitations that prevent the corporation from producing and selling thousands of sets daily. Theses limitations are:

1) Availability of only 40 hours of labor each day in the production department.

2) A daily availability of only 45 hours of machine time.

3) Inability to sell more than 12 sets of model A each day.

Determine how many sets of each model to produce each day so that the total profit will be as large as possible. It is known that each set of A requires 2 hours of labor and each set of B requires 1 hour. Machine processing time for one unit of A is 1 hour and for one unit of B is 3 hours.

Ex  The Blending Problem
In preparing Sungold paint, it is required that the paint has a brilliance rating of at least 300 degrees and a hue level of at least 250 degrees. Brilliance and hue levels are determined by 2 ingredients: Alpha and Beta.

Both Alpha and Beta contribute equally to the brilliance rating, one ounce of either producing one degree of brilliance in one drum of paint. However, the hue is controlled entirely by the amount of Alpha, one ounce of Alpha producing three degrees of hue in one drum of paint. The cost of Alpha is 45 cents per ounce and the cost of Beta is 12 cents per ounce.

Find the quantity of Alpha and Beta to be included in the preparation of each drum of paint to minimize the cost.

1. A man operates a pushcart. He sells hotdogs and sodas. His cart can support 210 lbs. A hotdog weighs 2 lbs and a soda weighs 5 lbs. He knows from experience that he must have at least 60 sodas and at least 80 hotdogs. Given he makes 8 Baht profit on a hotdog and 4 Baht profit on a soda, find how many hotdogs and sodas he must have in order to maximize profit.

2. A company makes desks. The standard model requires  

    2 hours of the cutter’s time and 1 hour of finisher’s  

    time. The deluxe model requires 1 hour of the cutter’s  

    and 2 hour of finisher’s time. The cutter has 104 hours  

    of time available for this work per month, while the 

    finisher has 76 hours of time available for work. The 

standard model brings a profit of $6 per unit, while the deluxe one brings a profit of $11 per unit. The company wishes to make the most profit. Assuming the company can sell whatever is made, how many of each model should be made in each month?

3. In a manufacturing process, the final product has a requirement that it must weigh exactly 150 pounds. The two raw materials used are A, with a cost of $4 per unit and B, with a cost of $8 per unit. At least 14 units of B and no more than 20 units of A must be used. Each unit of A weighs 5 pounds and each unit of B weighs 10 pounds.

How much of each type of raw materials should be used for each unit of final product to minimize cost?

Solution Approaches
Graphical Method
-Used when there are two decision variables.
-There are two phases.

1. Graphing the feasible area

1.1 Graphing each constraint.


1.2 Finding the feasible area for each constraint.


1.3 Indicating the feasible area that is within all 

              constraints.

2. Identifying the optimal solution
-The optimal solution is on the corner point or the edge of the feasible area.
-Could be one optimal solution or multiple optimal solutions.

-The optimal solution can be identified by one of the following methods.


2.1 Enumeration of all corner points.


2.2 The use of isoprofit / isocost line
Uitilization of Resources
Slack Variable
-The smaller-than-equal-to constraint has a slack variable.
-The slack variable is either positive or zero.

-If the slack variable is zero, the resource from that constraint is fully utilized and that constraint is called a binding constraint and passes through the optimal point.

                  2x1 + x2   ≤    15

                  2x1 + x2  +  s1  =    15
Surplus Variable
-The larger-than-or-equal-to constraint has a surplus variable.

-The surplus variable is either positive or zero.

                   2x1 + x2   ≥    15

                   2x1 + x2  −  s2   =   15

-If the surplus variable is zero, the utilization of that resource just meets the minimum requirement and the line of that constraint passes through the optimal point.
-Every equality constraint has neither slack nor surplus.

Simplex Method

-The simplex method is an iterative algorithm for efficiently solving LP problems.

-In the simplex method, the search usually starts at the origin and moves to that adjacent corner that increases (for maximization) or decreases (for minimization) the value of the objective function the most.

-The search moves to an even better corner adjacent to the new one. 

-The process continues until no further improvement is possible. In each iteration, the objective function improves.

The Simplex Procedure
Step 1: Standardize the problem.

Step 2: Generate an Initial Solution.
Step 3: Test for Optimality. If the solution is optimal, go to 

            Step 6. Otherwise, go to Step 4.

Step 4: Identify the Incoming and Outgoing Variables.

Step 5: Generate an Improved Solution. Go to Step 3.

Step 6: Check for other Optimal Solutions.
Simplex Process                     

Step1. Standardize the problem

-Only corner points of feasible solution space are to be checked.

-Because these corner points are defined by the intersection of equations, convert the inequalities (constraints) in the problem statement into equations in order to find the coordinates of the point.

For less-than-or-equal-to constraints ( 
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-Add a slack variable (
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For greater-than-or-equal-to constraints ( 
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-Use both a surplus variable (
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) and an artificial variable (
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) to form an equation.
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-The objective of the artificial variable is to simply form an initial solution.

-Because the artificial variable has no meaning so its value must be zero in the final solution.

For constraints with an equality ( = )

-Add an artificial variable. 
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-When 
[image: image18.wmf]0

 

and

 

0

2

1

=

=

x

x

, 0 = 10 which is unacceptable so an artificial variable is added to the equation.
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-Once the constraints have been modified, the problem can be written in a standard form.

Standard Form

-All slack, surplus and artificial variables must be written in the objective function.
-The coefficient of the slack and surplus variables is zero in

the objective function because they do not generate any profit or have any costs.

-To ensure that the artificial variable is kept out of the final solution, a very large penalty (
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or 
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) is assigned as a coefficient of the artificial variable in the objective function.

-For a maximization problem, the coefficient of the artificial variable is 
[image: image22.wmf]M
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.

-For a minimization problem, the coefficient of the artificial variable is 
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Subject to: 
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Step2. Generate an initial solution 

-Consider the standardized maximization problem.
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Subject to: 
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-To obtain the value of 
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, we solve for 
[image: image48.wmf]3

  

2

1

2

1

 

and

,

,

,

s

s

s

x

x

 from all equations (constraints).

-With 5 unknown variables and 3 equations, two of five variables are set to zero so that it is possible to solve the system of linear equations in order to get an initial solution or the strating point for the simplex algorithm.

-The variables that have nonzero values are called basic variables and the ones that have values of zero are called nonbasic variables.

-From the problem considered, 
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 is a simple initial solution.

-The simplex method is to switch only one of the basic variables for one of the nonbasic variables at a time.

Structure of Tableau

	Basis
	Unit Profit
	Quantity
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Basis Column

-Identify the initial solution variable or basic variables.
Unit Profit/Cost Column

-Display coefficients of basic variables in the objective function.

Quantity Column
-Indicate values of basic variables in the solution.

-For the proposed initial solution, this column displays the right hand side quantities of the constraints.

Columns of Decision, Slack and Surplus Variables
-In the initial tableau, values under each of these columns are coefficients of the corresponding variable in each constraint.

-Each value under these columns shows the rate of utilization of the corresponding resources. In other words, it implies how much the value of the relevant basic variable (in the same row) will decrease if the value of the corresponding nonbasic variable increase by 1.

Ratio Column 
-This column is used to identify the basic variable that should be removed from the solution (to become a nonbasic variable) without violating any constraint.

-Each value under this column in each row is the ratio of the Quantity to the coefficient of the variable considered in the same row.

Cj Row
-Show the coefficients of all variables in the objective function.

Zj Row
-Show the amount of profit/cost the objective function will be reduced by when one unit of the variable, in each column, is brought into the basis.

Cj-Zj Row

-Display the net impact on the value of the objective function of bringing one unit of each of the column variable into the basis.

-
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 indicates how much will be gained while 
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 shows how much will be simultaneously be lost.

-If  the value of 
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 is positive, the value of the objective function can be increased by introducing the variable in that column into the solution.

-In the maximization problems, if one or more of the 
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 values is positive, then the solution is not optimal and it can be improved.

- In the minimization problems, if one or more of the 
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 values is negative, then the solution is not optimal and it can be improved.

The Value of the Objective Function

-Computed by multiplying each unit profit  by its corresponding quantity and then totaling the results.

                 Z = 0(40)+0(45)+0(12) = 0

Step3: Test for Optimality
-Examine the 
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 row in the tableau.

-For the maximization problems, the solution is optimal if every value in the 
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 row is nonpositive (zero or negative).

- For the minimization problems, the solution is optimal if all values in the 
[image: image70.wmf]j

j

z

c

-

 row are nonnegative (zero or positive).

Step4: Identify the Incoming and Outgoing Variables
Incoming Variable
-An incoming variable is currently a nonbasic variable (the current value is zero) and will be changed to a basic variable (introduced into the solution).

-For the maximization problems, the incoming variable is the variable with the largest positive value(coefficient) in the 
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 row.

- For the minimization problems, the incoming variable is the variable with the largest negative value in the 
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 row.

Outgoing Variable
-An outgoing variable is currently a basic variable that is first reduced to zero when increasing the value of the incoming variable and will be changed to a nonbasic variable (removed from the solution).

-To determine the outgoing variable, compute the ratio of the Quantity to the coefficient of the incoming variable for each basis row.

-For both the maximization and minimization problems, the outgoing variable is the basic variable with the smallest ratio.

-The coefficient of the incoming variable in the outgoing row is called the pivot element.

Step5: Generate an Improved Solution 
-The solution is improved by introducing the incoming variable into the basis and removing the outgoing variable.

-Transform the row of the outgoing variable, then the other basis rows and finally transform the 
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 rows.

-The 
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 row does not change.

Transforming of the outgoing row
-Divide the elements(coefficients) and the Quantity of the outgoing row by the pivot element. 

-Replace the unit profit/cost(coefficient in the objective function) of the outgoing variable with the one of the incoming variable and also replace the outgoing variable with the incoming variable.

Transforming of other rows
-Use an elementary row operation (ERO) to make other elements in the column of the incoming variable become zero.

Transforming of the zj row
-For the new 
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 of each column, multiply the Unit Profits
/ Costs in each row by  the column coefficients and sum

the results.

Transforming of the 
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 row
-Subtract 
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[image: image79.wmf]j

c

.

Step3: Test for Optimality (repeat)
Step4: Identify the Incoming and Outgoing Variables  

            (repeat)
Step5: Generate an Improved Solution (repeat)
Step3: Test for Optimality (repeat)
Step6: Check for Other Optimal Solutions
-If the coefficient of one of the nonbasic variable in the final 
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 row is zero, then multiple optimal solutions exist.

-The nonbasic variable with the zero value of 
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 can enter the basis without changing the value of the objective function (creating another feasible solution).

Special Situations
Two Incoming Variables
-If there are two or more incoming variables, then either may be arbitrarily chosen which will not affect the final solution.
Two Outgoing Variables
-If two ratios tie for smallest, the choice for outgoing basic variable may be made arbitrarily.

-If the number of positive variables in the optimal solution is less than the number of constraints, this situation is called “degeneracy”.
-In the graphical method, degeneracy occurs when three or more constraints intersect in the solution with two variables.      

                  x2





                                                                                   x1
-In the Simplex procedure, degeneracy occurs when two ratios tie for smallest.

Unbounded Solution
-In graphical method, the feasible solution space extends infinitely.
                  x2




                                                                                   x1
-The result in the simplex is that there is no outgoing variable. The ratios are either infinite or negative.
-This frequently means that an error was made.

Unconstrained Variables
-One or more of the decision variables may be allowed to be negative.

-For example, Temperature F can be positive, negative or zero.

-To deal with this situation, two of new positive variables are introduced.


Given   F  =  x2
        
Maximize  z   =   40x1 − 3x2
                Subject to:      x1 + x2     ≥   100
                                   2x1 + 3x2     ≥   70

                                               x1     ≥   0

    Assign   x2  =   W − U   ,  therefore the problem becomes

               Maximize  z   =   40x1 − 3W + 3U

                Subject to:      x1 + W − U       ≥   100

                                   2x1 + 3W − 3U     ≥   70

                                           x1 , W, U       ≥   0

Negative Right-Hand Quantity
-If one of the right hand quantities  bi  is negative, then by multiplying the entire constrain by −1 , the constraint will be in the proper form.

                    x1 + x2     ≥   −100   

     multiply this constraint by  −1  then it becomes

                  −x1 − x2     ≤   100   

No feasible solution
-Graphically, there is no solution space that simultaneously satisfies all constraints.
                     x2



                                                                                        
                                                                                    x1    

-In the Simplex Method, there is no feasible solution if the optimal solution still contains an artificial variable.
Multiple Optimal Solution
-Graphically, this happens when the isoprofit or isocost line is parallel to a binding constraint.
                x2
                                                                         x1
-In the Simplex procedure, it happens when one of the nonbasic variables in  Cj−Zj  row has a value of zero.

Redundant Constraint
-A redundant constraint is the constraint that does not intersect the feasible area of solutions.

-It can be removed from the problem without affecting the result.

                   x2
                                                                                x1
              Constraint 2 is a redundant constraint.
Duality

-With every LP maximization problem, there is an associated minimization problem and vice versa.

-The original problem is called the primal and the other is called the dual.

Properties of duality

1. If the primal is a maximization problem, the dual is a minimization problem, and vice versa.

2. An optimal solution to the dual exists only when the primal has an optimal solution, and vice versa.

3. Both the primal and dual problems have the same optimal value of the objective function.

4. The dual of the dual is the primal.

5. The solution of the dual problem can be obtained from the solution of the primal problem, and vice versa.

6. The dual variables may assume negative values.

Formulation of the dual

Objective
-If the primal is a maximization problem, then the dual is a minimization problem, and vice versa.

Decision variables
-For each constraint in the primal (not nonnegativity constraints), there is one decision variable in the dual.

Objective function
-The coefficient of each decision variable in the objective function of the dual is equal to the right-hand side of the corresponding constraint in the primal.

Constraints
-Before structuring the dual constraints, all primal constraints should be transformed to 
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 in maximization and 
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 in minimization.

-For each decision variable in the primal, there is a corresponding constraint in the dual.

-The right-hand side of the dual constraints is the same as the corresponding coefficients of the objective function in the primal.

Solution to the dual
-The dual problem can be solved using the same method used for the primal problem.

-When the primal is solved using the simplex method, the solution to the dual is automatically obtained.

-The final tableau of the primal’s solution provides both the optimal values of the primal and the dual problems.

-The optimal solution to the dual problem can be read directly in the 
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 be a dual variable. The optimal value of 
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) for the primal minimization problems.

Meaning of the dual variables

-The dual variables are called the shadow prices.

-The dual variables measure the change in the value of the objective function of the primal when one additional unit of a specific resource (the right-hand side) is added.

-The shadow price of the i
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Sensitivity Analysis (Postoptimality)
-Analyze how the optimal solution changes when the input data (parameters) change.

-Trial-and-error approach & Analytical approach.

Change in the coefficients of the objective function

-Involve product pricing decisions.

(How much should the price of the product not in the production increase so that it is justified in adding that product in a production plan?

(How much should the price of the product currently in the production decrease so that it is justified in removing that product from a production plan?

-Determine the range of the coefficient of each decision variable that the optimal solution will not change (the value of the objective function will change.).

Graphical method
-Used in the problem with two decision variables.

-Consider the slope of the objective function.

Changing the right-hand side
-May make the current basis no longer optimal.

-Graphically, a change in the right-hand side will move the constraint parallel to itself.

Changes in the coefficients of the constraints

-Change the coefficients of a constraint = change the slope of the constraint or move the constraint parallel to itself ( change the area of the feasible solution.

Adding constraints

-Redundant constraint(the optimal solution does not change.

-Decrease the feasible area(the optimal solution is still the  

same or the current optimal solution becomes infeasible.                                           

Deleting constraints

-If the binding constraint is deleted, the problem must be resolved for the new optimal solution.
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