           

· Queue or waiting line is the line of customers waiting for service.

The Structure of a Queuing System
1. The customers and their source

· Customers need service.

· Can be anything: people, airplanes, cars and machines, etc.

· The customers are generated from a source or a population.

2. The arrival process

· The manner in which customers show up at the service facility.
3. The service facility and the service process
· A service facility provides service for customers.

· The service facility can be a person, a machine or space, etc.

The Queue
· Whenever an arriving customer finds that the service facility is busy, a queue or waiting line is formed.

The Arrival Process
· The source(population) can be finite or infinite.

· Customers may arrive in batches or individually.

· The arrival of customers can be described by either the average arrival rate or by the average interarrival time.

· The arrival of customers can be scheduled or nonscheduled.

The Average Arrival Rate (
[image: image1.wmf]l

)
· When customers arrive at random, the distribution of arrivals follows the Poisson distributuion.

Ex: Cars arrive at the gas station at the average rate of 14 cars per hours




[image: image2.wmf]l

  =  14 cars/hr

The Average Interarrival Time (
[image: image3.wmf]l
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)
· The distribution of the interarrival time is the negative exponential distribution.

· The average interarrival time is 
[image: image4.wmf]l
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 .

Ex: Cars arrive at the gas station at the average rate of 14 cars per hours
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  =  14 cars/hr

Therefore, the average interarrival time = 
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 hr.

The Service Process
· There are several basic arrangement of service facilities.

1. Single service facility


2. Multiple, parallel, identical facilities



3. Multiple, parallel, nonidentical facilities
                 



4. Series of facilities

                       

The Average Service Rate (
[image: image8.wmf]m

)
· The service rate has a poisson distribution.

· Measures the service capacity of the facility in terms of customers per unit time.

Ex: A bank teller serves 12 customers per hour.



[image: image9.wmf]m

  =  12   customers per hour

The Average Service Time (
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· The service time has a negative exponential distribution.

· The average service time is 
[image: image11.wmf]m
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 .

Ex: The average service time of a Toolroom clerk is 8 minutes.
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  =   8  minutes

The Waiting Line (Queue)
· A queue is formed whenever customers arrive and the facility is busy.
Queue Discipline
1. First-come, first-served (FCFS)

2. Last-come, first-served (LCFS)

3. A priority system

4. Emergency systems

The Behavior in a Queue

1. Balking
· Customers refuse to join the queue.

2. Reneging

· Customers are tired and leave the queue before they are served.

3. Jockeying

· Customers switch between waiting lines.

4. Combining or dividing

· Queues are combined or divided.

5. Cycling

· Customers return to the queue immediately after obtaining service.

Queuing Models
· A queuing process is described by a series of symbols and slashes.

A
indicates the interarrival time distribution.

B
indicates the service time distribution.

C
is the number of servers.

X
describes the queue discipline.

Y
indicates the maximum queue length.

Z
indicates the population (source) size.

Ex:

M/M/1   FCFS/
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Standard single Server Model

M/M/K   FCFS/
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Standard multiserver Model

M/Ek/1   FCFS/
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Single Erlang server Model

M/M/K   FCFS/n/
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Finite queue, multierver 

M/M/1   FCFS/
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Limited source, single server

The Basic Poisson-Exponential Model

(M/M/1  FCFS/
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· The major assumptions for this model are:
1. The arrival rate is random and has the Poisson distribution. The average arrival rate is 
[image: image23.wmf]l

 .
2. The service time follows the negative exponential distribution. The average service rate is 
[image: image24.wmf]m

 .

3. Infinite source of population.

4. First-come, first-served treatment.

5. The ration 
[image: image25.wmf]m
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 is smaller than 1 . (
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6. Steady state exists. A steady state condition occurs when the system measures become independent of time.

7. Unlimited space for the waiting line exists.
MEASUREMENT OF PERFORMANCE

(QUEUING CHARACTERISTECS)

The average waiting time (W)

· The average time a customer spends in the system is:                  W  =  
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The average waiting time in the queue (Wq)

· This is the average time a customer will wait in the queue before the service starts.

                         Wq  =  
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The average number of customers in the system (L)

· Customers in the queue and those being served:
                           L  =  
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The average number of customers in the queue (Lq)

· Customers in the queue:
                         Lq  =  
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The probability of an empty facility (P(0))

· The probability that there are no customers in the system:

                         P(0)  =  
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   =  P(N=0)

     N =  the number of customers in the system.   
The probability of the system being busy (Pw)

· The probability of not finding an empty system:

                         Pw  = 1- P(0) = 
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   =  P(N ≥ 1)
The probability of being in the system longer than time t
                           P(T > t)  =  
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e = 2.718

t =  specified time

T = time in the System
P(T ≤ t)  =  1- P(T > t)
The probability of waiting (before service starts) longer than time t’
                            P(T’ > t’ )  =   
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The probability of finding exactly N customers in the system (P(N))

                           P(N )  =   
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The probability that the number of customers in the system will be larger than n 
                           P(N> n )  =   
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                           P(N≥ n )  =   
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                           P(N< n )  =  1- P(N≥ n)      


P(N>3)  =  P(N=4) + P(N=5) + P(N=6) +…

The following relationships hold for any queuing system.                L  =  
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The Costs in a queuing situation

1. The Cost of providing the service

· Labor cost , cost of rental of space, construction cost, cost of maintenance.

2.  The Cost of waiting customers

· The Cost is the wasted wages when customers belong to the same organization as the one providing the service.

· For external customers, the cost may be the loss of revenue, an ill-will cost or the loss of  life.

                cost                              
                                               Total cost      
                                                       Cost of providing service

                                      min  
                                                       
                                                        
                          0                 optimal service                       Level of service
To set an appropriate service level, the management may hold either or both of the following objectives: 
1.  Cost minimization

· Management will provide a service level such that the total cost of waiting and service is minimized.

2.  Service policies

· Management will provide a certain level of service to meet the service goal.

Ex : Fast-food restaurants advertise that you will not have to wait more than 3 minutes for  lunch.

COST ANALYSIS OF QUEUING SYSTEMS

· The total cost of queuing systems is composed of :

1. The facility cost or the cost of service

2.  The cost of waiting customers
                    TC  =  Cf  +  Cw     
1.  The Cost of Waiting Customers

· This cost can be computed from either the total wait (W) or the time while waiting in the queue (Wq), depending on the situation.

The waiting cost per unit time Cw =  W
[image: image50.wmf]l
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     or            CWq  =   Wq
[image: image51.wmf]l

c  =  Lq c          
c = The cost of one customer waiting one unit of time

· The waiting cost is proportional to time.

2.  The Cost of Service   
· Composed of both fixed and variable costs.
· Fixed cost : insurance , taxes.
· Variable cost : labor cost , facility cost.
· Both fixed and variable costs must be converted into the same time units.
Ex.1
The All American Aviation Company toolroom is staffed by one clerk who can serve 12 production employees, on the average, each hour. The production employees arrive at the toolroom every six minutes, on the average. Find the following measures of performance.

(a) Toolroom utilization (
[image: image52.wmf]r

)

(b) Average waiting time in the toolroom

(c) The average waiting time in the line

(d) The average number of employees in the 

      toolroom area

(e) The average number of employees in the line

(f) The probability that the toolroom clerk will be  

      idle

(g) The probability of finding the system busy

(h) The chance of waiting longer than 30 minutes in 

      the system

(i)  The probability of finding 4 employees in the 

      system

(j)  The probability of finding more than 3 

      employees in the system

Ex.2
The ABC Corporation is considering leasing one of two possible self – service duplicating machines. The Mark I is capable of duplication on the average, 20 jobs each hour, at a cost of $ 50 per day. Alternatively, the Mark II can duplicate, on the average, 24 jobs per hour , at a  cost of  $80 per day. The duplicating center is open 10 hour a day with an average arrival of 18 jobs per hour. The duplication is per formed by employees arriving from various departments whose average hourly wage is $ 5. Should the company lease Mark I or Mark II ?

Ex.3
A plant distributes its products by trucks. The average loading time is 20 min. per truck. Trucks arrive at an average rate of two each hour. Management feels that the existing loading facility is more than adequate. However, the drivers complain that they have to wait “more than half the time.” Analyze the situation and find how much money the company can save by speeding up loading if the waiting time of a truck is figured at $30 per hour and the plant is in operation eight hours each day.

An automatic device that can load 10 trucks an hour is available at a cost of $200 per day over the cost of the existing facility. Should management replace the existing facility?

MULTIFACILITY QUEUING SYSTEMS

(M/M/K FCFS/
[image: image53.wmf]¥

/
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)

· Composed of several identical and parallel service facilities.

· Only one waiting line exists.

· Whenever a server is free, the first customer in the queue goes to that service facility.


          Source          XXXX  

                          Single waiting line
                                                        
Ex: A  barber shop with several barbers. 
Assumptions

1. Poisson-exponential systems.
2. Identical service facilities.
3. One waiting line exists.
4. The arrival rate 
[image: image55.wmf]l

 is smaller than the combined service rate ( K
[image: image56.wmf]m

) of all K service facilities (
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< K
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MEASURES OF PERFORMANCE
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  =  Mean arrival rate
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   =  Mean service rate of each facility

 K  =  Number of servers (service facility)
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  =  Utilization factor 
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 as in the single facility 
          system.
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  =  Utilization factor of the entire system
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The probability of finding no customers in the system

                      P(0)   =    
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The probability of finding exactly N customers in the system



  P(N)   =   
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The average number of customers in the queue

                             Lq  =    
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The average number of customers in the system

                                L   =   Lq  +  
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The average waiting time per customer
                                   Wq   =    
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The average time a customer spends in the system



     W  =  
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Ex: 4 

Parishioners arrive randomly to church for confession, at an average rate of 5.8 per hour. Father bailey estimates that an average confession lasts 10 min. However, he is worried about the possibility of a long queue and wonders if he should ask more priests to hear confessions.

Ex: 5 

Star Oil service station is considering how many of its eight identical gasoline pumps to staff during the night. Past experience indicates that there are an average of 16 random arrivals per hour during the 9 PM – 7 AM period. Each customer brings the station a revenue of $15. The service time takes three minutes on the average, and follows a negative exponential distribution.


Long waiting lines create ill will. In addition, customers may not enter the station if they see long lines. Therefore, the management of Star Oil estimates that each total customer-hour of waiting time in the service station effectively cost $30. The operating cost of manning each pump is $50 per hour. Find how many pumps should be named so that the total profit is maximized.

FINITE SOURCE  QUEUING SYSTEMS 
(M/M/1  FCFS/
[image: image74.wmf]¥

/n )

· For this system, the number of customers is small (finite).
· There is a single server.
Ex: The number of airplanes arriving at a small airport each day.

· Assume a Poisson-exponential system and an single server.

MEASURES OF PERFORMANCE

M = The finite number of customers in the service
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Lq  =  M - 
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L   =   Lq + (1– P(0) )

              Wq   =    
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FINITE QUEUE,  QUEUING SYSTEMS 

(M/M/1  FCFS/ N /
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 )

· The number of customers waiting in the queue is limited.

· There is a single server for this queuing system.
Ex:  A gas station that has limited space.
Definition of Symbols

n = Number of units in system.


[image: image86.wmf]l

 = Mean arrival rate (units per time period).
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 = Mean service rate (units per time period).
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 = Traffic intensity  
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N = Maximum number allowed in system.

Pn = Probability of n units in system.

Ls = Steady-state mean number of units in system.

Lq = Steady-state mean number of units in queue.

Lb = Steady-state mean number of units in queue for 
        busy system.
Ws = Steady-state mean time in system.

Wq = Steady-state mean time in queue.

Wb = Steady-state mean time in queue for busy 
         system.
  P0   =   
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P(n>0)   =   1 – P0
        Pn  =  P0 
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                    Lq  =  Ls – (1 – P0) 
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