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����� 5 First-order and Second-order Circuits 
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5.1 Capacitors 
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5.2 Inductors 
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5.3 (�ก*+�,-�./�ก!0�1203�24��5����60761ก8��32 �8�9!��:� 

 Unit step function: u(t), u(t-tO), Au(t) 

 Unit impulse function: )(),( Ottt −δδ  
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 Unit ramp function: r(t), r(t-tO), Ar(t) 
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0*�-�$���& �L � 0)*+�"��ก � 
 
5.4 ��:� RC ���=>?>� @9(?�:?85=..A8 
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 Solve differential equation by integrating both sides 
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Example From the circuit on the right hand side, voltage at time = 0 
V(0) = 30 Volts. Find vC, vX and iO for t > 0 
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Example At time t > 0, the switch is opened. Determine v at time t > 0 
storage energy at t = 0. 
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5.5 ��:� RL ���=>?>�@9(?�:?85 
 �[&'�!*#�ก������C'/&�')*+%& '0 C'[&�����ก �<E� �� ���0&0*ก �'( �� $>�&��& #��" 0 <E� �� ?@+�� ���0*ก ���!
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���-5?8� ��> 2&  i(t), iX(t) �03+�2& ก��$/)*+%& '����>'*+#�'( )*+���  t = 0, i(0) = 10 A    
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Example From the circuit at the left hand side, i(0) = 5 A. Determine i(t) 
and vX(t) when t > 0. 
 Referring to the above example ...............................w 

(Answers: tt ee 5353
15,5

−− − ) 
 
 

1!#�ก�EC'/G ���������>'*+#�'( C'�������� ก��$/��� >�3�C'/, '�)*+�0&�!"�#-&Cก�"ก����� )*+0*ก ����*+#'$���������� 
���'( ��0*/, '���\'�D!����  
 
Example The circuit at the right hand side start at t = 0. Find i(t) when 
time > 0. 
 At time = 0, the inductor is shorted circuit, then, R 5 Ohms is 
also short circuit. i(t=0) can be calculated by current divider. 
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 When time t > 0, the total resistance can be fined 

( ) 45//812 =+== RRTH  Ohms 
 5.04/2/ === RLτ , therefore, 
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Example For the following circuit, determine i, iO and vO at all time (including time = 0 and greater than 0). Assume the switch 
was closed for long time enough. 
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At time = 0 
 The inductor is shorted circuit and then the resistance of 3 
Ohms is automatically removed from the circuit. Therefore, from 
current divider, 
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 Plot the answers on the graph as function of time. 
 
5.6 Step responses 61��:� RC 
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 >�3�0*�*ก�EA*)*+�& #ก�& $ก"/0ก � Differential equation �" ��"' /���ก��& C'2( ���'�.'�����ก��!"�# /��/&�' )*+/ 0 �,
$#ก�E�2� �>B�!"��\' 

fn vvv +=  
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 C'��.'��'���ก �> $��!�'2�&�0����ก�����������  '�.'�"��ก � / 0 2& � กก ��E�2� �>B����23� 

1. 2& $��!�'2�&�0����" ') ')*+��!��� ��E+0�"' )0(vVO =  

2. 2& $��!�'�ก2�&�0����ก�������)*+��� %& '��' '0 กL >�3� /G �� Steady-state ( )∞v  
3. 2& 2� 0�" ') '�)*#��2*#�)*+0����.��������ก�������C[">��กก ��!*#�ก��ก �> 2&  RTH !��'�.' �@��>�'� �)*�� C[")*+

/�k��ก��B�!*#�ก�' �<3+�)*+��2( '��> 2& 2�)*+���  Time constant ( )τ  
��������: 
������������������ �������� ��� �����ก����� ����ก 
!�������"��#�����$��%
$��"����ก& 

 
Example For the circuit on the right hand side, find v(t) at t > 0. 
Assume that the switch has been opened for a long time enough. The 
switch is closed at t = 0. Then, calculate the voltage across the 
capacitor at t = 0.5 s.  
 v(0-) = 10 V 
 �( ��"�&  )*+/G ��2�)*+ก������ ก��$/��� ����ก���������
���/'��!"�#ก ���D!���� 
 �EA*)*+ 1 <E� �� �E�2� �>B����)*+��� 0 กก�&  0 1!#C[" KCL (for capacitor, normally) 
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+
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tetv 2
155)(

−+−=  
  v(t) = 0.518 Volts 
 �EA*)*+ 2  
  v(0-) = 10 V 

  ( ) 5102
8

6010
−=+×

+
−=∞v  V 

  RTH = 2//6 = 1.5 Ohms  5.03/15.1 =×=τ  
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Example For the circuit at left hand side, find i(t) 
and v(t) when the switch is closed at t = 0. 
 �EA*)*+ 2  
- v(0-) = 20 V (capacitor is opened at this moment) 

- ( ) 10
3

10
3 ==∞v  V 

 - R = 5//10 = 10/3 Ohms, 3/102.0 ×=τ  
tetv 5.1

)1020(10)(
−−+=  t > 0 

 Therefore, 
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 i = 0 at t < 0 

i(t) =- v(t)/5 = )1(2
5.1 te−−−  for t > 0 

 
5.7 Step responses 61��:� RL 

 �E�2� �>BC')( '���!*#�ก�' $�&����\'ก ��E�2� �>B����!"�# Mesh analysis !-����#& ����ก��2( �AE� # 
Example For the circuit on the left hand side, the switch is open at time > 0. 
Determine i(t) for all time. 
�EA*)*+ 1  

> 2&  i(0) 1!#)*+/00�E�&  /�E�?B,-ก�D!' '<�ก&�')*+����D! � 0)*+ก�& �
0 $�"��&  C'/G ��ก �2����'�.' ����>'*+#�'( ��)( �����\'�D!���� !��'�.' 

( ) 52/100 ==i  A 
 �03+� time > 0 C[" KVL 
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1
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dt

di
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5
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teti 15
32)(

−+=  A 
�EA*)*+ 2 

- i(0) = 5 A 
- ( ) 25/10 ==∞i  A 
- R = 2+3 = 5, 15/15/3/1/ === RLτ  

t

t

e

eiiiti

15

/

32

))()0(()()(

−

−

+=

∞−+∞= τ

 A 

 
C'ก��*����#& �)*+0*��3+�'�����ก ���D!>�3��D!/�E�?B0 กก�&  1 ��.'��'!������#& �)*+��ก�& ��&��� ���"��0*ก �$�&�ก �

<E� �� ��\')*����.'��'� 0�( !�� �<� �2& ��E+0�"'�����.'��'�&������� /, '� � >���� ก��.'��'ก&�'>'" )*+%& '0 �!")( � '
%& '��$�"� !������#& ��&���'*. 
Example Find i at all times. The switch is S1 is closed at t = 0 and S2 is 
closed at t = 2. Calculate i(1) and i(3).  
 
)*+ /�E�?B S1  

- i(0-) = 0 A 

- ( ) 230/))1020//(15(6 =+=∞i  
- R = 45 Ohms, 45/5=τ  

teti 9
22)(

−−=  for 0 < t <2 
)*+ /�E�?B S2  

- i(2-) = )1(2
)2(9−− e = 2 A ��\'/, '�ก&�')*+/�E�?B 2 ���D! C["��\'/, '���E+0�"'�����.'ก �

<E� �� )*+ 2 
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- ( ) 6.310/)10//15(6 ==∞i  A 
- R = 25 Ohms, 25/5/ == RLτ  

)2(5
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−−−+= teti  for t > 2 
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Example For the following circuit, switch is turned to another terminal at time = 0. Determine v(t) and iO(t). 

 
C["�EA*ก �<E� �� $��)*+ 2 1!#<E� �� )*+ก��$/)*+���
�>'*+#�'( $�"�2&�#> 2( ���)*+1�)#B, 0 

- iL(0) )*+���  t = 0 �"��C["ก �
�E�2� �>B KVL (����>'*+#�'( �#-&
C'/G ���D!���� 

Loop 1 

24

02434

=

=++−

O

OO

i

ii
 

Loop 2 

 
48)0(

024

=

=+−

L

LO

i

ii
 v(0) = 96 V 

- ( ) 2)28/(20 =+=∞Li  A � ก/G ��2����>���� ก /�E�?B/����' '0 กL 
- RTH = 2+8 = 10 Ohms, 20/110/5.0/ === RLτ  

( ) ( ) ( )( )

t

t

t

LL

e

e

eiiiti

20

20

/

462

)248(2

0)(

−

−

−

+=

−+=

∞−+∞= τ

 

 2& $��!�'���� )*+ v )*+ t > 0: v(t) = iLxR 
 









>

=

+

=
−

0

0

924

96

)(
20

t

t

for

for

e

tv
t

 

0

0

0

24

>

=









=

t

t

for

for

iO  

 
5.8 ��1J8 second order circuits 

 1!#��ก���) �ก #G <$�"� Second order circuits 23�����)*+���ก��!"�# ���/�/0<���� '/�����)( C>"�!"/0ก �
�'�<�'AB ��'!�� 2 ?@+���\'���� �'�ก�0 RLC, �' ' RLC, RL and RC !���-�)*+$/!�!" '�& � 
 ก �> 2& ��E+0�"'$��2& )*+/G ��2�)*+ ��\'/E+�)*+�( ��\'�#& �0 ก/( >���ก ��E�2� �>B Second order circuits C'ก ��E�2� �>B
��2&�'�" �# ก?@+�)*+2���"��<E� �� �#& ����2��23�  
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- ��.���ก-���������ก�������$��)EF) ����ก��$/)*+�>�%& '

����>'*+#�'(  �"��0*2� 0$0&'#( C'ก ��E�2� �>B 
- $���( ��"�&  2& 2� 0�& �F�ก#B2�&�0����ก�������0*2� 0�&��'3+�� 

( ) ( )+− = 00 vv  
$��ก��$/)*+�>�C'����>'*+#�'( ก�0*2� 0�&��'3+��!"�# 

)0()0(
+− = ii  

��� )*+ t = 0- >0 #2� 0�& ��� ก&�')*��0*ก ���D!>�3��D!/�E�?B /&�' t = 0+ ��\'
��!>���� ก)*+0*ก ���D!�D!/�E�?B /&�'��.'��')*+ก��)( ก �/��/�E�?B 23�)*+������  t = 0 
 C'ก �> 2& )*+��!��E+0�"'����\'ก ��E�2� �>B�����03+�/G ��)*+<E� �� '�.',-ก
/00�E�& ��\'/, '�)*+2����0*[&����� )*+' '<� ����>'*+#�'( ����\' Short circuit $�����
�ก���������,-ก<E� �� ��\' open circuit 
 
 C'ก �<E� �� ����E+0� ก/, '�ก&�'��E+0�"'!"�#>��กก ��E�2� �>B����)*+�!"
F@ก� 0 )�.�>0!��0!"�#)���*ก ��E�2� �>B�����& �L (������'(�����
���)� Short circuit 
�������ก2����
�
�34ก#5
������)� open circuit) ?@+�2& )*+�!")�.�>0!��,-กC["��\'2& ��E+0���
ก ��E�2� �>B�����*ก2��.�� ก�����&��'3+��>���� ก)*+0*ก �)( � '���/�E�?B>�3�ก �
���*+#'$�������$�"� $��2& >'@+���\'2& )*+�"��2( '��> �*ก23�2& )*+0*ก ����*+#'$�����" /-&
/, '�2�)*+��\'2& /�!)" # (������'(�����
���)� Short circuit �������ก2����
�
�34ก

#5
������)� open circuit) ?@+�2& �& ��>�& '*.��,-ก'( ��C["C'ก ��&�0$ก"�Zk> ���/0ก �
�'�<�'AB��'!��/���&��� 
 !��'�.' C'ก ��E�2� �>B�����@�2E!��\'/ 0��.'��'���<E� � � ����#& ��&���'*.���ก�� 
 
���-5?8� � ก���� /�E�?B��D!����)*+���  t = 0 ��> 2&  (a) i(0-), v(0-) (b) d(i+)/dt, d(v+)/dt, (c) )(),( ∞∞ vi  

 � ก����C'ก �/��/�E�?B$�&���\'/ 0��.'��'ก �2( '��!���-� 
 
 � ก�-� (a) ����>'*+#�'( ����\'/, '�)*+/G ��2���� short-circuit $��
����ก������� open-circuit )*+���  0- !��'�.' 

 ( ) 2)24/(120 =+=−i  A )*+����>'*+#�'(  

( ) ( ) 4020 =×= −− iv  V ��\'$��!�'���� )*+2�&�02� 0�" ') ' 2 Ohms �)& ก��$��!�'���� 2�&�0����ก������� 

 � ก�-� (b) 

 )*+ inductor 
dt

di
LvL =  � กก ��E�2� �>B���� KVL ?@+���<E� �� �&��'3+��� ก ก��$/��� inductor $��

$��!�'���� 2�&�0 capacitor ���&��'3+�� ( ) ( ) ( ) ( )( )+−+− == 00,00 CCLL vvii  ���!" i = 2 A $�� v = 4 

  04812 =+++− Lv  
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  VL = 0 V   025.0/0 ==
dt

di
 A/s 

 )*+ capacitor 2==
dt

dv
ciC  A � ก����)*+�&�ก�'$���'�ก�0 

   201.0/2 ==
dt

dv
 V/s 

 � ก�-� (c) ��\'/, '�2����>���� ก)*+/�E�?B��D!��\'��� ' ' 

   ( ) ( ) VvAi 12,0 =∞=∞  
 
Example From the circuit on the left hand side, switch is closed at 
time = 0. Determine (a) i(0-), v(0-) (b) d(i+)/dt, d(v+)/dt, (c) 

)(),( ∞∞ vi  
(���:;$'(<���ก�� source ���� inductor :� �') 

(a) At this time, the inductor is shorted-circuit and the 
capacitor is opened-circuit. 

( ) 2)210/(240 =+=−i  A 

422)0( =×=−v  V 
(b) At this time switch is closed, inductor current and capacitor voltage are constant. Therefore inductor voltage is 

calculated from KVL. 

202224 =×−=Lv  V 

504.0/20/20 === L
dt

di
 A/s 

0/0 == C
dt

dv
 V/s 

(c) ( ) 122/24 ==∞i  A ( ) 24=∞v  V 
 
Example Form the following circuit, voltage source is a step function (start from t = 0). 

Find (a) )0(),0(),0(
+++

RCL vvi  

3)0( −=+

Li A, 0)0( =+

Cv V, 0)0( =+

Rv V 

(b) dtdvdtdvdtdi RCL /)0(,/)0(,/)0(
+++  

Analyse by KCL; 

033)0( =+−=+

Ri  A, thus 2)0( =+

Ci  A 

0//)0( ==+ Lvdtdi LL  A/s 

( ) 2/)0(0 == ++
dtCdvi CC  

10/)0( =+
dtdvC V/s 

0)0( =+

Rv  Volts : the current in the resistance is 0 

(c) 123)( −=+−=∞Li  A 10)()( =∞=∞ RC vv  V (the capacitor is opened and the inductor is 

shorted-circuit) 
 
5.9 ��:� Second order RLC ���=>?>�@9(?�:?85=. 

 � ก���� RLC �" ��& �C[" KVL ���!"2� 0/�0<�'AB!��'*. 
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∫ ∞−
=++

t

dt
c

i
dtLdiiR 0/  

0
2

2

=++
LC

i

dt

di

L

R

dt

id
 

� ก/, '���E+0�"' t = 0  

0)0(/)0()0( =++ CvdtLdiRi  

� ก�))*+%& '0  2( ������ ���� First order 23� st
Aei =  $)'2& ก��$/'*.C'/0ก � 

second-order �" ��"' 

0
1

0

2

2

=







++

=++

LC
s

L

R
sAe

e
LC

A
Ase

L

R
eAs

st

ststst

 

 > 2( ���  

( )
LCL

R

L

RLCLRLR
s

1

22)1(2

)/()1(4//
22

−







±−=

−±−
=  

LCL

R

ss

1
,

2

,

0

2

0

2

2

2

0

2

1

==

−−−=−+−=

ωα

ωααωαα

 

 !��'�.'  

02
22 =++ ωαss  

 � ก2( ������/0ก �0* /��2( ��� !��'�.' ���!"2( 2�����ก��$/��\'/��2( ����[&'ก�' 
tsts

eAieAi 21

2211 , ==  
 2( ������/0ก ���� ���� second-order ��\' 

tsts
eAeAti 21

21)( +=  
 C'ก �> 2& 2�)*+ A1 and A2 � ก��3+�'����3.���"' i(0) and di(0)/dt �#& ���ก�� 0C'ก �> 2( ������/0ก ���'!��/��
'�.'��,-ก$�&���\'/ 0ก��* 

1. ,"  0ωα >  ����\' overdamped 

2. ,"  0ωα =  ����\' critically damped 

3. ,"  0ωα <  ����\' underdamped 

Overdamoed case 0ωα >  

 ���!" s1 $�� s2 ��\'�( '�'��E��� !��'�.' 2( ������/0ก ���\' 
tsts

eAeAti 21

21)( +=  
 2& ก��$/��0*2& ��" /-&F-'#B�03+���� �<E+0�@.' 

Critically damped case 0ωα =  

 �03+�2& )�.�/���)& ก�' !��'�.' 

022
2

2

2
2

02

2

2

2

=++=++=++ ααωα
dt

di

dt

id

dt

di

dt

id

LC

i

dt

di

L

R

dt

id
 

0=







++








+ i

dt

di
i

dt

di

dt

d
ααα  
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 ก( >'!C>" i
dt

di
f α+=  2( ������/0ก ��03+�$)'�Z�กB[�' f 

 0=+ f
dt

df
α  

teAf α−= 1  
 !��'�.'  

ie
dt

di
eA

i
dt

di
eA

tt

t

α

α

αα

α

+=

+=−

1

1

 ��!�-�C>0& $����\' diff %�2-� 

( )
1A

dt

ied
t

=
α

 

 �E')E�ก��)�.�/���" � 

21 AtAie t +=α  
tt eAteAti αα −− += 21)(  

 

Underdamped case 0ωα <  

 C'ก��*'*. 2& )*+�#-&C'� ก)*+/������\'�� !��'�.' 

d

d

js

js

ωααωα

ωααωα

−−=−−−−=

+−=−−+−=

)(

)(

22

02

22

01
 

 1!#)*+ 22

0 αωω −=d  23� damping frequency 

 !��'�.' 
tjtj dd eAeAti

)(

2

)(

1)(
ωαωα +−−−

+=  
 � ก Euler�s identities 

θθθθ θθ
sincos,sincos jeje jj −=+= −  

 �@��!"/0ก �ก��$/��\' 

)sincos()( 21 tBtBeti dd

t ωωα += −  

 1!#)*+ B1 = A1 + A2 $�� B2 = j(A1 + A2) 
 
���-5?8� � ก����?" #03� /�E�?B����D!����)*+���  t = 0 ��> 2&  ก��$/)*+
�>�C'�����'�ก�0 RLC >���� ก)*+$>�&��& #$��!�'���� ��!��ก 
 )*+���  t = 0 
  i(0) = 50/10 = 5 A, vC(0) = 0 V 
  di(0)/dt = vL/L = 0 

5.2
2

==
L

R
α  3

1
0 ==

LC
ω  

 ��\'ก��* Underdamped .?@+����!" 

66.15.2

66.15.25.235.2

2

22

1

js

jjs

−−=

+−=−+−=
 

 !��'�.' ���!"/0ก ����ก��$/��\' 
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( ) ( )( )tAtAeti t
66.1sin66.1cos)( 21

5.2 += −  
 ��)( ก �<E� �� )*+��3+�'����E+0�"'�<3+�)*+��> 2& 2�)*+ � ก i(0) = 5 A 

( ) ( )( )

5

)0(66.1sin)0(66.1cos5

1

21

)0(5.2

=

+= −

A

AAe
 

 $��� ก di(0)/dt = 0 $��� ก KVL ()EF) ����ก��$/���>���" )*+��.���ก��� inductor $��� ก2� 0�&��'3+�����
ก��$/C' inductor $��2� 0�&��'3+�����$��!�'���� ��� capacitor) 

ก� 

53.766.1/5.12

2566.15.12

2

2

−=−=

−=+−

A

A
 

 !��'�.'  

)66.1sin53.766.1cos5()(
5.2 tteti t −= −  A 

 
5.10 ��:�,181 RLC Second order ���=>?>�@9(?�:?85=..A8 

 ����#& ���������' ' RLC �0&0*$>�&��& #$/!��#-&)*+�� 03� C["ก �
�E�2� �>B���� KCL 

∫ ∞−
=++

t

vdt
Ldt

dv
C

R

v
0

1
 

 > �'�<�'AB�)*#�ก�����  

0
11

2

2

=++ v
LCdt

vd

dt

dv

CR
 

 ��\'/0ก ���'!��/��?@+�0*�EA*ก �> 2( ����[&'�!*#�ก��)*+$/!�C'/&�')*+%& '0  

0
112 =++

LC
s

RC
s  

 $ก"/0ก ��!"��\' 

2

0

2

2

21

1
)1(

2

1

2

1
, ωαα −±−=








−








±−=

LCRCRC
ss  

 �[&'�!*#�ก��ก��*)*+<E� �� $�"� 1!#)*+ )/(1),2/(1 0 LCRC == ωα  $��$#กก �<E� �� ��\'ก��* 

 

Overdamoed case 0ωα >  

 ���!"�-�$�����2( �����\' 
tsts

eAeAtv 21

21)( +=  

Critically damped case 0ωα =  

 C'ก��* CRL
2

4=  $���-�)�+������2( �����\' 
tt teAeAtv αα −− += 21)(  

Underdamped case 0ωα <  

 ���!"�( '�'�[E�?"�'��\'2& ��� s ?@+����!"2( ���)�+�����\'��*1ก�0E�E 

)sincos()( 21 tAtAetv dd

t ωωα += −  

 C'ก �> 2& 2�)*+ '�.'> �!"� ก ��3+�'����E+0�"' 23� v(0) $�� dv(0)/dt 



1306201PN2551/1 

RC

RIV

dt

dv

dt

dv
CI

R

V

)()0(

0
)0(

00

0
0

+
−=

=++

 

 
Example Determine v(t) in the following circuit when the switch is 
opened at t = 0. 
 v(0) = VO  = 0 V (capacitor shorted by the inductor)2 
 I(0) = 2 A (Inductor) 
Classify into three damping cases: 

5/125.6160/1000)2/(1 0 ==>=== LCRC ωα  ��\' Overdamped case and: 

10,5.2525.625.6,
22

21 −−=−±−=ss  
The general answer form: 

tt eAeAtv 10

2

5.2

1)(
−− +=  

From the first initial condition: 

210)0( AAv +==   (1) 
And another condition: 

21

00 105.2500
)()0(

AA
RC

RIV

dt

dv
−−=−=

+−
=  (2) 

From (1) and (2) we obtain: 

67.665.7/50012 ==−= AA  
The answer is 

)(67.66)(
5.210 tt eetv −− −=  V 

 
5.11 ��:� Second order RCL ก��@9(?�:?85���2�M1 Step function 

 �����'�ก�0) �!" '?" #03�� ก 

SC VviR
dt

di
L =++  $�� 

dt

dv
Ci =  

 !��'�.' �� ���!"/0ก ���'!��/����� vC ��\' 

RC

V

RC

v

dt

dv

L

R

dt

vd S=++
2

 

 2( ������/0ก �)*+0*$>�&��& #0 <�"�0/ 0 �,$#ก��ก��\'/��/&�'23� 

)()()( tvtvtv fn +=  

 /&�'$�ก��0*[3+��&  natural response ��> �!"� กก��*)*+C>"$>�&��& #0*2& ��\' 0 ?@+�ก�/ 0 �,> �!"� ก/&�')*+�!"ก�& �
0 $�"� ��\' 

Overdamoed case 0ωα >  
tsts

n eAeAtv 21

21)( +=  

Critically damped case 0ωα =  
tt

n teAeAtv
αα −− += 21)(  
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Underdamped case 0ωα <  

)sincos()( 21 tAtAetv dd

t

n ωωα += −  

 /&�')*+/����\'2( ���)*+�!"� กก��*)*+��\'��3+�'��/�!)" #23� 
( ) Sff Vvtv =∞= )(  

 $��2( ������ v(t) ���!��\' 

  tsts

S eAeAVtv 21

21)( ++=  Overdamped case 

  tt

S teAeAVtv
αα −− ++= 21)(  Critically damped case 

  )sincos()( 21 tAtAeVtv dd

t

S ωωα ++= −  Underdamped case 

 
�����' ' RLC ก��$>�&��& #ก��$/����  � ก������ 03�

C[" KCL C'ก ��E�2� �>B���� 

SI
R

v
i

dt

dv
C =++  $�� 

dt

di
Lv =  

 ���!"/0ก ���'!��/����\' 

LC

I

LC

i

dt

di

RCdt

id S=++
1

2

2

 

 C[">��กก �$ก"�Zk> �[&'�!*#�ก�������" ��"'�!"2( ���C'�-�)�+�����\' 

  tsts

S eAeAIti 21

21)( ++=  Overdamped case 

  tt

S teAeAIti
αα −− ++= 21)(  Critically damped case 

  )sincos()( 21 tAtAeIti dd

t

S ωωα ++= −  Underdamped case 

 
 
 
 
 
����#& ���� ก� �)*+$/!�2( ���)*+!��\'%����ก �

���/'�����������'!��/��� ก$>�&��& #C'
��ก��� Step function 
 
 
 
 
 

 
5.12 ��:�-�14���-�����=� 
 0*2� 0/�!2�"��ก��ก �<E� �� � ก������'!��/���" ��"' !"�#��.'��')*+2�" #2�@�ก�'!������#& ��" ��& � 
 

Example Find vO(t) 
 The initial conditions of this circuit at time = 0: 

)0()0(0)0()0( 2121

+−− =+=== vvvv  

0)0()0()0( 210 =−= +++
vvv  
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 Analyse circuit at time = 0+; 
 Apply KCL to calculate at the capacitor 1 

( )

10
)0(

0)0(0)0(
1

5)0(

1

211
1

=

=−++
− +++

+

dt

dv

vvI
v

C

  
( )

)0(
0

1

1

1

+
+

= CI
dt

dv
C  

 At time = ∞ ; 

( ) ( ) 521 =∞=∞ vv  
 Using node analysis to generate the general form for the general answer 
 At node v1 : 

0
12

1

1

5 2111 =
−

++
− vv

dt

dvv
  (1) 

 At node v2 : 

2

2

2

21

2
21

2
212

3

1

3

1

0

dt

vd

dt

dv

dt

dv

dt

dv
vv

dt

dv
Cvv

+=

+=

=+−

  (2) 

 Substitute v1 into (1) 
 
 
 

6,1, 21 −−=ss  
 The general answer form 

tt

n eAAtv
6

212 )(
−−

+=  

 From the final condition the other answer is 

( ) 522 =∞= vv f  

 Therefore, 
tt eAeAtv 6

212 5)(
−− ++=  

 Find the constant values: 

212 50)0( AAv ++==+  (3) 

21
2 60

)0(
AA

dt

dv
−−==

+

 (4) 

 From (3) and (4) then, 

1,6 21 =−= AA  
 We obtain 

tt eetv 6

2 65)(
−− +−=  

 From (2) 

tt ee

dt

dv
tvtv

6

2
21

45

3

1
)()(

−− −−=

+=
 

067 2
2

2

2

2

=++ v
dt

dv

dt

vd
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Finally we obtain 

)(2

)()()(

6

210

tt
ee

tvtvtv

−− −=

−=
  V 

 
� ก����#& � / 0 �,/�����\'��.'��'�!"!��'*. 
 1 > 2& ��E+0�"')*+�ก*+#��"��)�.�>0! (Initial conditions) ?@+�C["ก ��E�2� �>B����)*+0*�!"�#& ��>0 �/0�@.'�#-&ก�����/�ก ��B
ก �)( 1�)#B ��0)�.��'�<�'AB��'!��>'@+�)*+���  time 0-  

2. �E�2� �>B����)*+/, '� time = 0+ ���!"/0ก ���'!��/���<3+�C>"�!"2( ������/0ก �C'�-�)�+��� (Natural response) 
1!#���"����!$>�&��& #���� �E/����ก (voltage source: OS, current source: OC) ?@+���$#ก� 0 Damping cases )�.�/ 0)*+�!"
ก�& �0 $�"� 

3. 2( '��2& )*+�"��ก �)*+/G ��2����>���� ก time = 0+ ?@+���\' ( ) ( )∞∞ iv ,  (forced response: SC-inductor and OC-
capacitor ) 
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Example  Find vR and ix for t > 0. The switch is closed for a long time before t = 0 
but is opened at t = 0. 
Initial conditions: 
 vC(0

-) = 16 V, iL(0
-) = 16/8 = 2 A 

 From the first-order differential equation: by KCL 
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  KVL after time = 0 
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( ) ( ) 0,0 =∞=∞ LC iv  

Find the second-order equation of the circuit: by KCL after the switch is opened. 
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Take differentiation with above equation: 
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We obtain the characteristic equation 03620
2 =++ ss  
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This is an overdamped case. The solution of this equation: 
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 At the initial condition: 
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 We obtain 75.0,25.1 21 == AA  and then 
tt

x eeti
218

75.025.1)(
−− +=  Volts 

 Therefore 

   tt

xR eetiRtv
182

610))(()(
−− +=−=  

 
Example From the circuit on the right hand side, 
calculate i(t) for t > 0. 
 At the initial condition: 
 i(0-) = 30/10 = 3 A v(0-) = 0 
 At time = 0+, using KVL to analyse2 
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 The final value of current through the inductor; 

 ( ) 9)( ==∞ tii f  A 

 To obtain the natural response we remove all sources KCL 

0
1040

0
10

40/

=+++

=+++

dt

diL

dt

dv
C

dt

diL
i

v
ivi C

 

0
10

4
4

100

1

10

1
2

=+++
dt

di

dt

id

dt

di
i  

025
2

25

0
2

1
4

100

1

2

2

=++

=++

i
dt

di

dt

id

i
dt

di

dt

id

 

 The characteristic equation 025
2

252 =++ ss  525.6 0 =>= ωα  Overdamped case 

5.2,102525.625.6,
2
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 Natural response: 
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 The solution: 
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 To find the constant values: 
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 The first order of the solution: 
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 We obtain 8,2 21 −== AA  therefore  
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