
Examples of PDE

Method of combination of variable: to reduce the partial differential equation to a single ordinary differential equation (ODE), this can be done only when two of the boundary conditions can be combined into one.

Method of separation of variable: to reduce the partial differential equation to two ordinary differential equations (ODEs) 

Example Jerked plate problem
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If we use combination of variable we need only 2 B.C.s, apply dimensionless to 
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to satisfy I.C.1 and B.C. 2
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[c] 

Substitute [a] and [c] into (1)
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 EMBED Equation.3  
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Let 
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Integrate
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Solve the equation
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Using B.C. 1)
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and B.C. 2)
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Example Start-up flows between two plates (Newtonian)
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Cannot use separation of variable because of B “make this equation non homogeneous.” But we know S.S. solution as
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Integrating
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apply B.C.2) then get C1 = 0

Integrate again
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If we assume that 
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(3)

And B.C. becomes (by substituting orginal B.C. into equation (3))
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Substitute equation (3) into  (1) then get
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We know that at steady state 
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where
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Use separation of variable

Let 
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Now have two ODEs.
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from B.C.1) when 
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Infinite number of solution can be written as


[image: image61.wmf](

)

[

]

å

=

-

¢

=

...

,

3

2

1

2

2

n

n

n

t

e

n

Cos

C

t

p

pb

f


or integer form
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(6)

Denoted that the 
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(7)

change to integers
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(8)

We have to sum this series in such a way that the sum equals 
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From equation (8) multiply both sides by 
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(9)

Look at the right hand integrals

From 
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We can get


[image: image71.wmf](

)

(

)

(

)

(

)

(

)

(

)

1

1

2

2

1

1

1

2

1

2

2

1

2

1

2

1

2

1

2

2

1

2

1

2

2

1

2

2

1

2

+

-

+

-

ú

û

ù

ê

ë

é

+

+

+

+

+

+

+

-

-

+

-

-

+

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

+

ò

n

m

n

m

Sin

n

m

n

m

Sin

d

m

Cos

n

Cos

b

b

b

b

p

b

p

p

p

 
[image: image72.wmf](

)

(

)

(

)

(

)

ú

û

ù

ê

ë

é

+

+

+

+

+

-

-

=

1

2

1

4

n

m

n

m

Sin

n

m

n

m

Sin

pb

pb


For 
[image: image73.wmf]m

n

¹

, 

[image: image74.wmf](

)

0

º

-

p

m

n

Sin




[image: image75.wmf](

)

0

1

º

+

+

p

m

n

Sin



Therefore integral = 0

For 
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Using series expansion to change the Sin term 
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So the right hand integral becomes
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(10)
Now, we have selected one term out of the infinite series evaluate Left hand integral
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(11)

First integral can be simplify as
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First integral is 
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Look at second integral
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First term
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Second term
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Second term becomes
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Combine the first and second terms to get the second integral of equation (11)
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(13)

Combine equation (12) and (13) to get the entire integral of equation (8) left hand
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(14)

Therefore from Equation (14) and (10)



[image: image107.wmf](

)

(

)

2

1

2

1

16

,

3

3

3

p

p

n

n

C

n

B

¢

=

+

-



[image: image108.wmf](

)

(

)

4

3

,

3

1

2

1

32

p

+

-

=

¢

n

B

C

n

n


Where
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