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Control Chart for Variable

Introduction
Law of Nature: no two natural items 

in any category are the same
No two objects are ever made exactly 

alike
Variation
1. Within-piece variation  ex surface 

roughness

2. Piece-to-piece variation ex light intensity 
of four consecutive light bulbs

3. Time-to-time variation 

Introduction

Variation
is present in every process.

Chance causes (random causes) 
are inevitable, difficult to detect 
or identify.
Assignable causes are large in 
magnitude and readily identified.



Variation Source

Equipment : tool wear, machine vibration, 
workholding-device positioning, hydraulic and 
electrical fluctuations.

Material : tensile strength, ductility, thickness, 
porosity, moisture content

Environment : Temperature, light, particle 
size, pressure, humidity

Operator : method, physical, emotional

Variation Source

Equipment
Material
Environment
Operator

True variation

Report variation

Inspection activity

Variation
Chance cause สาเหตุจากธรรมชาติของ
กระบวนการผลิต
Assignable cause สาเหตุเฉพาะ หรือ 
สาเหตุพิเศษ – large in magnitude

Introduction

When only chance causes are 
present in a process, the process is 
considered to be in a state of 
statistical control. It is stable and 
predictable.
When an assignable cause of 
variation is also present, the process 
is classified as out of control.



The Control Chart Method

+3σ

-3σ

99.73%

Example

is used to record the 
variation in the average 

value of samples

Explanation purposes

Out of control – subgroup 4
The operator report this fact to supervisor
Operator and supervisor will then look for 
an assignable cause
Take corrective action

Control chart indicates when and where 
trouble has occurred.

The Control Chart Method

Usually an  X  chart for the central 
tendency and an R chart for the 
dispersion are used together.

is a statistical tool that distinguishes 
between natural and unnatural 
variation.



is the result of 
assignable cause 

and require 
corrective action

is the result of 
chance cause. It 

requires 
management 

intervention to 
achieve quality 
improvement

80%-85% of the quality problems 

are due to management or the system

15%-20% due to operation

Objectives of Variable Control Charts

For quality improvement
To determine the true process 
capability
For decision in regard to product 
specifications
For current decisions in regard to 
the production process
For current decisions in regards to 
recently produced items

Control Chart Techniques
Introduction

The procedure to establish a pair of control 
charts for the average and the range.

1. Select the quality characteristic

2. Choose the rational subgroup

3. Collect the data

4. Determine the trial central line and control 
limits

5. Establish the revised central line and 
control limits

6. Achieve the objective



Select the Quality Characteristic

must be measurable and can be 
expressed in numbers.
can be expressed in term of the seven 
basic units: length, mass, time, electrical 
current, temperature, substance, or 
luminous intensity 
or any derived units, such as power, 
velocity, force, energy, density, and 
pressure.

Choose the Rational Subgroup

The first scheme is to select the 
subgroup samples from product 
produced at one instant of time or 
as close to that instant as possible.
The second scheme is to select 
product produced over a period of 
time so that it is representative of 
all product.

Instant-time 
method

Period-of-time 
method

Have minimum 
variation within the 
subgroup and maximum 
variation among the 
subgroup

One most commonly 
used since it provides a 
particular time reference

Have maximum 
variation within the 
subgroup and a minimum 
variation among the 
subgroup

Provide better overall 
results and, therefore, 
present a more accurate 
picture of quality

Guidelines for decision on the size of 
sample

1. As the subgroup size increases, the 
control limits become closer to the 
central value, which makes the control 
chart more sensitive to small 
variations in the process average.

2. As the subgroup size increases, the 
inspection cost per subgroup increase.

3. When destructive testing is used and 
the item is expensive, a small 
subgroup size of 2 or 3 is necessary.



Guidelines for decision on the 
size of sample
4. Because of the ease of computation a 

sample size of 5 is quite common in 
industry.

5. From a statistical basis a distribution of 
subgroup averages,       , are nearly 
normal for subgroup of 4 of more.

6. When the subgroup size exceed 10, the s
chart should be used instead of the R
chart for the control of the dispersion.

'X s

s is sample standard deviation

produce 4000 pieces/day, 75 sample are suggested.

Subgroup size of 4 - 19 subgroups

Collect the Data

May use the type form shown in 
Figure 4.2. An alternative 
method is shown in Table 4-2.



Because of difficulty in the 
assembly of a gear hub to a 
shaft using a key and keyway, 
the project team recommends 
using an       and R chart. The 
quality characteristic is the shaft 
keyway depth of 6.35 mm.

X

It is necessary to collect a minimum of 
25 subgroups of data. A fewer number 
of subgroups would not provide a 
sufficient amount of data for the 
accurate computation of the control 
limits; and a larger number of 
subgroups would delay the 
introduction of the control chart.

Determine the Trial Control Limits

The central lines for the       and 
R charts are obtained using the 
formulas
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Trial control limits for the charts 
are established at 63 standard 
deviations from the central 
value,
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In practice

The calculations are simplified by 
using factor A2, D3, and D4.
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Table B Example Problem

To obtain the trial control limits and the central 
line, the data in Table 4-2 concerning the 
depth of the shaft keyway will be used. From 
Table 4-2, the Σx  = 160.25, ΣR = 2.19, and 
g = 25; thus, the central line are
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= 160.25/25 = 6.41 mm

= 2.19/25 = 0.0876 mm



Table B

Trial control limits for the      chart are

Trial control limits for the R chart are

X

2XUCL X A R= + = 6.41 + (0.729)(0.0876) = 6.47 mm

2XLCL X A R= − = 6.41 - (0.729)(0.0876) = 6.35 mm

4RUCL D R=

3RLCL D R=

= (2.282)(0.0876) = 0.20 mm

= (0)(0.0876) = 0 mm

Establish the Revised Control Limits

First step: to post the preliminary 
data to the chart along with the 
control limits and central lines.

Next step: to adopt standard values 
for the central lines, or, more 
appropriately stated, the best 
estimate of the standard values 
with the available data. 



If an analysis of the preliminary data shows 
good control, then      and        can be 
considered as representative of the process 
and these become the standard values,        
and      .
Good control = no out-of-control points
= no long runs on either side of the central 
line
= no unusual patterns of variation

X R

0X
0R

Most process are not in 
control when first analyzed.

Out-of-control 
at subgroups 4, 

16, and 20

Out-of-control 
at subgroup 18

R chart
Since the out-of-control point at 
subgroup 18 on the R chart has an 
assignable cause (damage oil line), it can 
be discarded from the data.

Subgroup 4 and 20 had an assignable 
cause while the out-of-control condition 
for subgroup 16 did not. It is assumed 
that subgroup 16’s out of control state is 
due to a chance cause and is part of 
natural variation.

chartX

Subgroups 4, 18, and 20 are not 
part of the natural variation and 
are discard from the data and new    
and       values computed with the 
remaining data. The calculations 
are simplified by using the 
following formula:
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Techniques to discard data

If either the     and the R value of a 
subgroup is out-of-control and has 
an assignable cause, both are 
discarded.
Or only the out-of-control value of 
a subgroup is discarded.

X

Example problem (Continued)

Calculations for a new     are based on 
discarding the      value of 6.65 and 6.51 
for subgroups 4 and 20, respectively. 
Calculations for a new       are based on 
discarding the R value of 0.30 for 
subgroup 18.
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= 160-6.65-6.51/25-2 = 6.40 mm

= 2.19-0.30/25-1 = 0.079 mm

These new values are used to establish the 
standard values of       ,     , and     . 
Thus,
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Table B

Using the standard values, the 
central lines and 3σ control 
limits for actual operations are 
obtained.
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Example problem (continued)

From Table B in the Appendix 
and for a subgroup size of 4, 
the factors are A = 1.5, d2 = 
2.059, D1 = 0, and D2 = 4.698.
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6.40
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Thus, the control limits are

0 0

0 0

2 0

1 0

6.40 (1.5)(0.038) 6.46

6.40 (1.5)(0.038) 6.34
(4.698)(0.038) 0.18
(0)(0.038) 0

X

X

R

R
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σ

σ
σ
σ

= + = + =

= − = − =

= = =

= = =

for future 
subgroup

Achieving the Objective

A program of tool wear control

Tooling modified a workholding device



Question: Establish the      and R chart on  a certain dimension 
part (mm). When subgroup size = 6. Determine the trial central 
line and control limits. Assume assignable cause and revise the 
central line and limits.

X

0.3020.4025

0.3420.41240.3620.34160.3420.378

0.3220.40230.3420.45150.3120.437

0.3320.39220.3620.41140.3520.406

0.3820.39210.3320.40130.3620.205

0.3520.31200.3020.38120.3620.654

0.3820.50190.2920.39110.3220.363

0.7320.42180.3720.42100.3620.402

0.3720.36170.3020.4890.3420.351

RSGRSGRSG X X X

The Sample Standard 
Deviation Control Chart

An R chart is easier to compute and 
easier to explain.
An s chart is more accurate than an R 
chart.
When subgroup size are less than 10, 
both charts will graphically portray the 
same variation.
As subgroup size increase to 10 or more, 
extreme values have an undue influence 
on the R chart. Therefore, at larger 
subgroup sizes the s chart must be used.

R-chart s-chart
The step to obtain the      and s chart 

are the same as for     and R chart 
except for different formulas.
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Formulas for the computation of the 
revised control limits using the 
standard values of         and      are 0X 0σ
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The first step

To determine the standard deviation 
for each subgroup from the 
preliminary data.

For subgroup 1, with value of 6.35, 
6.40, 6.32, and 6.37, the standard 
deviation is
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Example Problem
Using the data of Table 4-3, 

determine the revised central line 
and control limits. The first step is 
to obtain     and     .sX
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Table B trial control limits are

0 3 0

0 3 0

4 0

3 0

6.41 (1.628)(0.039) 6.47

6.41 (1.628)(0.039) 6.35
(2.266)(0.039) 0.088
(0)(0.039) 0

X

X

s

s
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LCL X A mm
UCL B mm
LCL B mm

σ

σ
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σ

= + = + =

= − = − =

= = =

= = =

On the      chart, subgroup 4 and 
20 have assignable causes, they 
are discarded.

On the s chart, subgroup 18 is 
out of control and they have 
assignable cause, it is discarded.

X



Computation to obtain the standard 
values of        ,      , and     are as 
follows:
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Compute the revised control limits.

0 0

0 0

6 0
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6.40 (1.5)(0.038) 6.46

6.40 (1.5)(0.038) 6.34
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Question

Control charts for     and s are 
maintained on the resistance in 
ohms of an electrical part. The 
subgroup size is 6. After 25 
subgroups,        = 2046.5 and        
= 17.4. If the process is in 
statistical control, what are the 
control limits and central line.

X

X∑
s∑

State of Control

Process in Control
Process Out-of-control
Analysis of Out-of-control 
Condition



Process in Control
When the assignable causes have 
been eliminated from the process 
to the extent that the point 
plotted on the control chart 
remain within the control limits, 
the process is in a state of 
control.

There occurs a natural pattern of 
variation

Future variation will be the same Process Out-of-control
Out-of-control is a change in 
the process due to an assignable 
cause.



Analysis of Out-of-control Condition

The assignable causes responsible 
for the condition must be found.
Type of Out-of-control pattern are

1. Change or jump in level
2. Trend or steady change in level
3. Recurring cycles
4. Two population
5. mistake

1. Change or jump in level Change or jump in level
chart, due to

An intentional or 
unintentional change 
in the process setting
A new or 
inexperienced 
operator
A different raw 
material
A minor failure of a 
machine part 

R chart, due to
Inexperienced 
operator
Sudden increase 
in gear play
Greater variation 
in incoming 
material

X



2. Trend or steady change in level Trend or steady change in level

chart, due to
Tool or die wear
Gradual deterioration 
of equipment
Gradual change in 
temperature or 
humidity
Viscosity breakdown in 
a chemical process
Buildup of chips in a 
work-holding device

R chart, due to
An improvement in 
worker skill
A decrease in worker 
skill due to fatigue, 
boredom, inattentions, 
and so on.
A gradual 
improvement in the 
homogeneity of 
incoming material

X

3. Recurring cycles Recurring cycles

chart, due to
The seasonal effects of 
incoming material
The recurring effect of 
temperature and 
humidity (cold morning 
start-up)
Any daily or weekly 
chemical, mechanical, or 
psychological event

R chart, due to
Operator fatigue and 
rejuvenation resulting 
from morning, noon, 
and afternoon breaks
Lubrication cycles

X



4. Two population Two population
chart, due to

Large differences in 
material quality
two or more machines 
on the same chart
Large differences in 
test method or 
equipment

X R chart, due to
Different workers 
using the same chart
Materials from 
different suppliers

5. Mistake

Cause are
Measuring equipment out of 
calibration
Errors in calculation
Errors in using testing equipment
Taking samples from different 
populations

Specification
Individual Values Compared to Averages



Individual Values Compared to Averages
The averages are grouped much closer to 
the center than the individual values.
relationship X n

σσ =

Population 
standard deviation 

of subgroup 
average

Population 
standard deviation 
of individual value

subgroup size

The population standard deviation 
can be estimated from

4

s
c

σ =

Table B 

Central Limit Theorem

If the population from which 
samples are taken is not normal, 
the distribution of sample 
averages will tend toward 
normality provided that the 
sample size, n, is at least 4. This 
tendency get better and better 
as the sample size gets larger.



Control Limits and Specifications

Control limits are established as a 
function of the averages; in other 
words, control limits are for averages.
Specifications are the permissible 
variation in the size of the part and 
are for individual value.
The specification are established by 
design engineer to meet a particular 
function.

Process Capability and Tolerance

1. Case I: 6σ < USL-LSL
2. Case II: 6σ = USL-LSL
3. Case III: 6σ > USL-LSL



Case I: 6σ < USL-LSL

No waste

Case II: 6σ = USL-LSL

Case III: 6σ > USL-LSL Process Capability
= 6σ
Procedure

1. Take 20 subgroups of size 4 for a total of 
80 measurements.

2. Calculate the sample standard deviation, 
s, for each subgroup.

3. Calculate the average sample standard 
deviation,     

4. Calculate the estimate of the population 
standard deviation.

5. Process capability will equal 6σo.

20s s g s= =∑ ∑

4ˆ s cσ =

Does not give the true process capability



Example Problem

A new process is started and the 
sum of the sample standard 
deviations for 20 subgroups of size 
4 is 84. Determine the process 
capability.

Table B

by using the range.
1. Take 20 subgroups of size 4 for a total of 

80 measurements.
2. Calculate the range, R, for each subgroup.
3. Calculate the average range,

4. Calculate the estimate of the population 
standard deviation.

5. Process capability will equal 6σo.

20R R g R= =∑ ∑

0 2ˆ R dσ =

Example Problem

An existing process is not meeting 
the Rockwell-C specifications. 
Determine the process capability 
based on the range values for 20 
subgroups of size 4. Data are 7, 5, 
5, 3, 2, 4, 5, 9, 4, 5, 4, 7, 5, 7, 3, 4, 7, 
5, 5, and 7.



Table B Capability index

06p
USL LSLC

σ
−

=

= 1, case II situation.

> 1, case I situation.

< 1, case III situation.

Example Problem

Assume that the specifications are 
6.50 and 6.30 in the depth of 
keyway problem. Determine the 
capability index before (σo= 
0.038) and after (σo = 0.030) 
improvement.



Capability ratio

06
rC

USL LSL
σ

=
−

Process performance in term of 
the nominal or target value

( )
3pk

Z MinC =
Where Z(Min) is the smaller of

( ) ( ) /
( ) ( ) /

Z USL USL X
Z LSL X LSL

σ
σ

= −

= −

Example Problem

Determine Cpk for the previous 
example problem (USL=6.50, 
LSL=6.30, and σ = 0.030) 
when the average is 6.45.

Cp and Cpk

1. The Cp value does not change as the 
process center changes.

2. Cp = Cpk when the process is 
centered.

3. Cpk is always equal to or less then Cp.
4. A Cpk value of 1 is a de facto standard. 

It indicates that the process is 
producing product that conforms to 
specification.



5. A Cpk value less than 1 is a de facto 
standard. It indicates that the process is 
producing product that does not conforms 
to specification.

6. Cpk value less than 1 indicates that the 
process is not capable.

7. A Cpk value of zero indicates the average is 
equal to one of the specification limits.

8. A negative Cpk value indicates that the 
average is outside the specifications.

Different Control Charts

Chart for Better Operator Understanding
1. Placing individual values on the chart

Individual value

Subgroup average

2. Chart for subgroup sums

( )Xn UCL=

( )Xn LCL=

Chart for Variable Subgroup 
Size



Chart for Trends

Reflects die wear

Other Charts
Charts with Reject Limits

Run Chart

Problem
A new process is started and the 
sum of the standard deviations 
for 20 subgroups of size 4 is 600. 
If the specifications are 700±80, 
what is the process capability 
index? What action would you 
recommend?



Table B Problem
What is the Cpk value when the 
process average is 700, 740, 780, 
and 820? 


