Example 14 Heat conduction in a cooling Fin

Heat out by transfer to air T, is bulk
stream (P is perimeter of temperature
cross sectional area of fin)
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Figure 7 A simple cooling Fin

Conduction heat balance around shell at steady state

[Rate of heat in] — [Rate of heat out] - [Rate of heat loss] =0

qu'A_q|Z+AZ'A_h(T_Too)PAZ: 0

Division by AAz and taking the limit as Az approaches zero gives
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dq hP
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We now insert Fourier’s law (q, = —kdT /dz), in which k is the thermal conductivity of the
metal. If we assume that k is constant, we then get

d( de)_hP T
dz dz_A( )

T _he )
dzz_kA( ~Te) 1)

Set dimensionless group: x = z/L; 6 = TT_TT°° we obtain
b~ 1o

L; do ar
z = xL; = —
(Tb_Too)

z% = (xL)?
d?*T

dz? = 1*dx? d*0 = ——
(Tb - Too)

Equation (1) becomes

(Ty — Too)d?6 _ hP

[2dx? " kA (T =T

d?0 hPL* (T —T,)
dx?2 kA (T, —T,)

29  hPL?
dx?2 kA
Setn? = L'hP e obtain
kA
a2
axz ne=0 (2)

Method of characteristic solution: 0 = e%*

o
— = se**
dx



Equation (2) becomes

0 = Ce™ + C,e™ ™ (3)

The boundary conditions depend on the physical situation. Several cases may be considered:

CASE 1 The fin is very long, and the temperature at the end of the fin is essentially that of the

surrounding fluid.
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CASE 2 The end of the fin is insulated so that Z—Z =0atz=1L.

dT

CASE 3 The fin is of finite length and loses heat by convection from its end.
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Case I: The fin is very long, and the temperature at the end of the fin is essentially that of
the surrounding fluid.

Assume long fin; L — o
BCl:z=0, x=0 T=T, 0=1

BC2:z=L=0o, x=0,T=T,, 6=0

Insert BC2 into equation (3)
0 = Cleoo + Cze_oo

finite = infinite + finite

We have to force term C; = 0 in order to valid the above equation

Equation (3) becomes

0 = C,e™™ (4)

Use BCl substitute into equation (4)

1= Czeo
C2 =1
Substitute C, into equation (4) we get
0 =e (5)
_ 2
Substitute © = —= ,n% = PP and x = Z to equation (5) we obtain
Tp—Too kA L
— hP z
T—Ts — e‘L\/;z
T, — T

We obtain the temperature profile as



hP

T =Ty, + (T, — To)exp l—z (k_A>1/2]

We can determine keat loss by performing derivatives with respect to z of temperature profile

daT
Qross = A(_k) E

z=0
dT hP\/? hP\*/?
dz = o= Twdexp [‘Z(a) l(‘ ), )
dT hP
A(_k)E W Ak (T, —To) | — T

’hP
Qioss = KA(T, — Ts,) k_A = (T — T,)VhPEKA

Quoss = (Tb — Ty, )VhPEA

We can determine fin efficiency (1) which is defined by

actual rate of heat loss from the fin

Ny

QlOSS = (Tb - TOO)VthA
Qraear = h(Tb —Te)PL

_ Qactual _ (T — T, )VhPKA
Qldeal (Tb - Too)hPL

kA
= |npL2

Nyf

~ rate of heat loss from an isothermal fin at T,



We can determine fin effectiveness (&5)

actual rate of heat loss from the fin
B rate of heat loss without fin

&

QlOSS = (Tb - TOO)VthA

Qno fin = h(Tp — To)A

e — Qactual _ (Tp — T,)VhPKA
T Quosin (Ty —To)hA

Pk
Ef = h_A



Case II: The end of fin is insulated so that Z—z = 0 at x=L (No heat is lost from the end or

from the edges.)

From equation (3);

0 = Cie™ + Cre™ 3)
From
eX — g%
sinhx = >
2sinhx =e* —e™
e* =2sinhx +e™* (6)
From
coshx = ex_;—e—x

2coshx =e*+e™*

e* =2coshx —e™* (7)

Set equation (6) equal to equation (7) we obtain
2sinhx + e ™ =2coshx —e™*
2e™ = 2coshx — 2sinhx
e ™ = coshx — sinhx (8
Substitute equation (8) into (6) we obtain

e* = 2sinhx + coshx — sinh x

e* = sinhx + coshx 9)



Substitute equation (8) and (9) into the equation (3), we get

6 = C,[sinhnx + coshnx] + C,[coshnx — sinhnx]

0 = sinhnx [C; — C,] + coshnx [C; + C,]

e

A B
6 = Asinhnx + Bcoshnx (10)
BCl:z=0; x=0; T=T,; 0=1
BC2:z=L; x=1; ar =0; w:ﬁzo
dzl,—p, Ldx dx

Use BCl substitute into (10);
1 = Asinh(0) + Bcosh(0)

B=1

0 = Asinhnx + coshnx (11)

do
T Ancosh(nx) + nsinh(nx) (12)

Use BC2 substitute into equation 12;

0 = A(1) cosh(n) + sinh(n)

Equation (12) becomes

6 = —tanhn - sinh(nx) + cosh(nx)



T—T,
Ty — Toy

= —tanhn - sinh(nx) + cosh(nx)

T =Ty, + (T, — T,,)[— tanh 7 - sinh(nx) + cosh(nx)]
Substitute n = L \F into the equation

T =T, +(T tanhy - sinh [ L |22 N A i
=T, + (Tp) — Ty) anhn - sin AL + cos A I

T=T,+ (T tanh inh hP+ h hP
=Tp+ (T) — Tw) anhn - sin A cos i

We can determine keat loss by performing derivatives with respect to z of temperature profile

Qloss

= (T, —Ty) [ \[: tanhn - cosh(0) + f:51nh(0)
B hpP

W (T, —Ty) | — k—A-tanhn -(1)+0

dT B

@l —(T, — oo) tanhr]( k)A

dT

dz

dT

dz

Qross = A~ (k)=

We can express the term /:—Z into n by multiplying /:—ﬁ . /:—Z to above equation.

T vedtanny PP [KA[RP
Qloss—(b_ oo) tanhn kA hP k_A

tanhn hP (kA 1

Qross = (Tb w)kA kA hP L



(Remark: n = \% : %)

hPL tanhn

Quoss = (Tp — Tw) 1

We can determine fin efficiency (1) which is defined by

ne = Qactual
4 Qldeal
hPL tanhn
Quoss = (Tp = To)) ———
n
Qraear = (Tp — To)hPL
_ (T —=Tw)hPLtanhn 1
= n (T, — To)hPL
_ tanhn
Ny 7
We can determine fin effectiveness (&5)
Ef= Qloss
Qno fin
hPL tanhn
Quoss = (Tp = Tos) —————
n
Qno fin = (T, — Tw)hA
c (Tp — Tow)hPL tanhn 1
_ PLtanhn

€,=
f An



Case I11I: The fin is of finite length and loses heat by convection from its end. (Facing
convection BC at the tip of fin)

From equation (10)

0 = A sinhnx + Bcoshnx (10)

BCl:z=0; x=0, T=T,;, 6 =1

BC2:z=1L; x=1, T =T, —k?

Zlz=

= h(Ty — Te)
L

Turn the BC2 into dimensionless term
dl  (Tp — Te,)dO
dz Ldx
de k(T —Tx)do (T —T
dzl,., L dxl,—, (T = Teo)
We get
deo _Lh |
dxl,., k1
Use BCl:
1=A(0)+ B(1)
B=1
0 = Asinhnx + coshnx (14)
0|,=1 = Asinhn + coshn (15)
do _
= An coshn +nsinhn (16)

dxly=y



_ —Lho

From BC2: a6

dx

, substitute equation (15) and (16) into the BC2.
1

x=1 ko lx=

dg
dx

_ —Lho

k

x=1 x=1

—Lh
o [A sinhn + coshn]

Lh —Lh
A|ncoshn + ?sinhn] = Tcoshr) —nsinhn

Ancoshn +nsinhn =

—(msinhn + % coshn)

- (n coshn + % sinh(n))

nsinhn + %Coshn

0 = coshnx — sinhnx

ncoshn + %sinhn

—(n sinh n+% coshn)

and A'= T
(n cosh N+ sinh (1))

We can determine keat loss by performing derivatives with respect to z of temperature profile

= (T, —T. —hP'hO A’—hP h(0
Zzo_(b_ ) kAsm()+ kAcos()
=Ty —To) |22 (kA=
z=0_(b_ oo) kA(_) —Qloss

dT

dz

dr
A (=) —




: Lh
Substitute A’ = ‘(’7 sinhn+=-cosh ,7)

Th— , We obtain
1 cosh N+ sinhn

- (n sinhn + %Cosh n) hP
Quoss = (Tb —Te) k_A(_k)A

ncoshn + %sinhn

pn =1 PR
(Remark: n =L kA)

nkA|nsinhn +%Coshn

1oss ’ L 15 coshn + %sinh n
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Qross = (Tb - Too}n TM

Qrdeal = (Tb - Too)hPL

We can determine fin efficiency (1) which is defined by

M

ny=—
Ty

We can determine fin effectiveness (&¢) which is defined by

Qno fin = (Tb —Tw)hA
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