
Example 14 Heat conduction in a cooling Fin 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 A simple cooling Fin  

 

Conduction heat balance around shell at steady state 

[Rate of heat in] – [Rate of heat out] - [Rate of heat loss] = 0 

௭|ݍ� ∙ ܣ − ௭ା∆௭|ݍ� ∙ ܣ − ℎ(ܶ − ஶܶ)ܲ∆ݖ = 0 

 

Division by ݖ∆ܣ and taking the limit as ∆ݖ approaches zero gives 

− lim
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We now insert Fourier’s law (ݍ௭ =  in which k is the thermal conductivity of the ,(ݖ݀/ܶ݀݇−
metal. If we assume that k is constant, we then get 

−
݀
ݖ݀ ൬−݇

݀ܶ
൰ݖ݀ =

ℎܲ
ܣ (ܶ − ஶܶ) 

݀ଶܶ
ଶݖ݀ =

ℎܲ
ܣ݇

(ܶ − ஶܶ)																								(1) 

 

 Set dimensionless group: ݔ = ߠ   ;ܮ/ݖ = ்ି்ಮ
்್ି ಮ்

 we obtain 

ݖ = ;ܮݔ ߠ݀		 =
݀ܶ

( ௕ܶ − ஶܶ)
 

ଶݖ																																																															 =  		ଶ(ܮݔ)

ଶݖ݀				 = ;ଶݔଶ݀ܮ 	݀ଶߠ =
݀ଶܶ

( ௕ܶ − ஶܶ)
	 

 

Equation (1) becomes 

( ௕ܶ − ஶܶ)݀ଶߠ
ଶݔଶ݀ܮ =

ℎܲ
ܣ݇

(ܶ − ஶܶ) 

݀ଶߠ
ଶݔ݀ =

ℎܲܮଶ

ܣ݇
(ܶ − ஶܶ)
( ௕ܶ − ஶܶ)

 

݀ଶߠ
ଶݔ݀ =

ℎܲܮଶ

ܣ݇  ߠ

Set ߟଶ = ௅మ௛௉
௞஺

	we obtain 

݀ଶߠ
ଶݔ݀ − ߠଶߟ = 0																					(2) 

 

Method of characteristic solution:  ߠ = ݁௦௫   

                                                               ௗఏ
ௗ௫
= ௦௫݁ݏ  



                                                               ௗ
మఏ

ௗ௫మ
= ௗమ௦௘ೞೣ

ௗ௫మ
= ଶ݁௦௫ݏ          

Equation (2) becomes 

ଶ݁௦௫ݏ − ଶ݁௦௫ߟ = 0 

ݏ =  ߟ±

 

ߠ = ଵ݁ఎ௫ܥ +  (3)																		ଶ݁ିఎ௫ܥ

 

 

The boundary conditions depend on the physical situation. Several cases may be considered: 

 

CASE 1 The fin is very long, and the temperature at the end of the fin is essentially that of the 
surrounding fluid. 

 

 

 

 

CASE 2 The end of the fin is insulated so that ௗ்
ௗ௭
= 0 at ݖ =  .ܮ

 

 

 

 

CASE 3 The fin is of finite length and loses heat by convection from its end. 

                                                                   	− �݇ ௗ்
ௗ௭
ቚ
௭ୀ௅

= ℎ( ௅ܶ − ஶܶ)  

ܶ = ஶܶ 

݀ܶ
ݔ݀ = 0 



Case I: The fin is very long, and the temperature at the end of the fin is essentially that of 
the surrounding fluid. 

Assume long fin; ࡸ → ∞  

BC1: ݖ = ݔ												,0 = 0,				ܶ = ௕ܶ,				ߠ = 1 

BC2: ݖ = ܮ = ∞, ݔ = ∞, ܶ = ஶܶ,					ߠ = 0 

 

Insert BC2 into equation (3) 

0 = ଵ݁ஶܥ +  ଶ݁ିஶܥ

݁ݐ݂݅݊݅ = ݁ݐ݂݅݊݅݊݅ +  ݁ݐ݂݅݊݅

 

We have to force term ܥଵ = 0 in order to valid the above equation 

Equation (3) becomes 

ߠ                                                 = ଶ݁ିఎ௫ܥ 																										(4) 

 

Use BC1 substitute into equation (4) 

1 =  ଶ݁଴ܥ

ଶܥ = 1 

 

Substitute C2 into equation (4) we get 

ߠ                                                   = ݁ିఎ௫																										(5) 

 

Substitute Ѳ = ்ି்ಮ
்್ି்ಮ

ଶߟ ,  = ௅మ௛௉
௞஺

	and ݔ = ௭
௅
		to equation (5) we obtain 

ܶ − ஶܶ

௕ܶ − ஶܶ
= ݁ି௅

ට೓ು
ೖಲ	

೥
ಽ 

We obtain the temperature profile as  



 

ܶ = ஶܶ + ( ௕ܶ − ஶܶ)݁݌ݔ ቈ−ݖ ൬
ℎܲ
൰ܣ݇

ଵ/ଶ

቉ 

 

We can determine heat loss by performing derivatives with respect to z of temperature profile 

௟ܳ௢௦௦ = (݇−)ܣ �
݀ܶ
ฬ௭ୀ଴ݖ݀

 

݀ܶ
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( ௕ܶ − ஶܶ)݁݌ݔ ቈ−ݖ൬
ℎܲ
൰ܣ݇

ଵ/ଶ

቉ቆ− ൬
ℎܲ
൰ܣ݇

ଵ/ଶ

ቇ 

(݇−)ܣ �
݀ܶ
ݖ݀
ฬ
௭ୀ଴

= )(݇−)ܣ ௕ܶ − ஶܶ)ቌ−ඨ
ℎܲ
ܣ݇
ቍ 

௟ܳ௢௦௦ = )ܣ݇ ௕ܶ − ஶܶ)ඨ
ℎܲ
ܣ݇ =

( ௕ܶ − ஶܶ)√ℎܲ݇ܣ 

 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)√ℎܲ݇ܣ 

 

We can determine fin efficiency (ߟ௙) which is defined by 

௙ߟ =
݂݊݅	ℎ݁ݐ	݉݋ݎ݂	ݏݏ݋݈	ݐℎ݁ܽ	݂݋	݁ݐܽݎ	݈ܽݑݐܿܽ

	ݐܽ	݂݊݅	݈ܽ݉ݎℎ݁ݐ݋ݏ݅	݊ܽ	݉݋ݎ݂	ݏݏ݋݈	ݐℎ݁ܽ	݂݋	݁ݐܽݎ ௕ܶ
 

 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)√ℎܲ݇ܣ 

ܳூௗ௘௔௟ = ℎ( ௕ܶ − ஶܶ)ܲܮ 

௙ߟ =
ܳ௔௖௧௨௔௟
ܳூௗ௘௔௟

=
( ௕ܶ − ஶܶ)√ℎܲ݇ܣ
( ௕ܶ − ஶܶ)ℎܲܮ

 

௙ߟ = ඨ ܣ݇
ℎܲܮଶ 



 

We can determine fin effectiveness (ߝ௙)  

௙ߝ =
݂݊݅	ℎ݁ݐ	݉݋ݎ݂	ݏݏ݋݈	ݐℎ݁ܽ	݂݋	݁ݐܽݎ	݈ܽݑݐܿܽ

݂݊݅	ݐݑ݋ℎݐ݅ݓ	ݏݏ݋݈	ݐℎ݁ܽ	݂݋	݁ݐܽݎ  

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)√ℎܲ݇ܣ 

ܳ௡௢	௙௜௡ = ℎ( ௕ܶ − ஶܶ)ܣ 

௙ߝ =
ܳ௔௖௧௨௔௟
ܳ௡௢	௙௜௡

=
( ௕ܶ − ஶܶ)√ℎܲ݇ܣ
( ௕ܶ − ஶܶ)ℎܣ

 

௙ߝ = ඨܲ݇
ℎܣ 

  



Case II: The end of fin is insulated so that ௗ்
ௗ௫
= 0 at x=L (No heat is lost from the end or 

from the edges.) 

 

From equation (3); 

ߠ = ଵ݁ఎ௫ܥ +  (3)																		ଶ݁ିఎ௫ܥ

From 

sinhݔ =
݁௫ − ݁ି௫

2  

2sinhݔ = ݁௫ − ݁ି௫ 

݁௫ = 2 sinh ݔ + ݁ି௫																		(6) 

From 

coshݔ =
݁௫ + ݁ି௫

2  

2coshݔ = ݁௫ + ݁ି௫ 

݁௫ = 2 coshݔ − ݁ି௫																		(7) 

 

Set equation (6) equal to equation (7) we obtain 

2 sinh ݔ + ݁ି௫ = 2 coshݔ −݁ି௫ 

2݁ି௫ = 2coshݔ − 2sinhݔ																			 

݁ି௫ = coshݔ − sinhݔ														(8) 

Substitute equation (8) into (6) we obtain 

݁௫ = 2sinhݔ + coshݔ − sinhݔ											 

݁௫ = sinh ݔ + coshݔ 																								(9) 

 

  



Substitute equation (8) and (9) into the equation (3), we get 

 

ߠ = ݔߟଵ[sinhܥ + coshݔߟ] + ݔߟଶ[coshܥ − sinh  [ݔߟ

ߠ = sinhݔߟ ଵܥ] [ଶܥ− + coshݔߟ ଵܥ] +  [ଶܥ

 

           A             B     

ߠ = ܣ sinhݔߟ + Bcoshݔߟ																		(10) 

 

BC1: ݖ = 0; ݔ			 = 0; 			ܶ = ௕ܶ; ߠ												 = 1 

BC2: ݖ = ;ܮ ݔ			 = 1;			 �ௗ்
ௗ௭
ቚ
௭ୀ௅

= 0;						(்ି ಮ்)ௗఏ
௅ௗ௫

= ௗఏ
ௗ௫
= 0 

 

Use BC1 substitute into (10); 

1 = ܣ sinh(0) + Bcosh(0) 

ܤ = 1 

 

ߠ = ܣ sinhݔߟ + coshݔߟ																(11) 

ߠ݀
ݔ݀ = (ݔߟ)coshߟܣ +  (12)				(ݔߟ)sinhߟ

 

Use BC2 substitute into equation 12; 

0 = (1)ܣ cosh(ߟ) + sinh(ߟ) 

ܣ = −
sinhߟ
coshߟ = − tanhߟ 

Equation (12) becomes 

ߠ = − tanhߟ ∙ sinh(ݔߟ) + cosh(ݔߟ) 



ܶ − ஶܶ

௕ܶ − ஶܶ
= −tanhߟ ∙ sinh(ݔߟ) + cosh(ݔߟ) 

ܶ = ஶܶ + ( ௕ܶ − ஶܶ)[− tanhߟ ∙ sinh(ݔߟ) + cosh(ݔߟ)]	 

 

Substitute ߟ = ට௛௉ܮ
௞஺

 into the equation 

ܶ = ஶܶ + ( ௕ܶ − ஶܶ) ቎− tanhߟ ∙ sinhቌܮඨ
ℎܲ
ܣ݇ ∙

ݖ
ቍܮ + coshቌܮඨ

ℎܲ
ܣ݇ ∙

ݖ
 ቍ቏ܮ

ܶ = ஶܶ + ( ௕ܶ − ஶܶ) ቎− tanhߟ ∙ sinhቌݖඨ
ℎܲ
ܣ݇
ቍ + coshቌݖඨ

ℎܲ
ܣ݇
ቍ቏ 

We can determine heat loss by performing derivatives with respect to z of temperature profile 

௟ܳ௢௦௦ = (݇−)ܣ �
݀ܶ
ฬ௭ୀ଴ݖ݀

 

�݀ܶ
ฬ௭ୀ଴ݖ݀

= ( ௕ܶ − ஶܶ) ቎−ඨ
ℎܲ
ܣ݇ ∙ tanhߟ ∙ cosh

(0) +ඨℎܲ
ܣ݇ sinh

(0)቏ 

�݀ܶ
ฬ௭ୀ଴ݖ݀

= ( ௕ܶ − ஶܶ) ቎−ඨ
ℎܲ
ܣ݇ ∙ tanh ߟ ∙ (1)+0቏ 

௟ܳ௢௦௦ = ܣ ∙ (−݇) �
݀ܶ
ฬ௭ୀ଴ݖ݀

= −( ௕ܶ − ஶܶ)ඨ
ℎܲ
ܣ݇ ∙ tanhߟ

 ܣ(݇−)

We can express the term ට௛௉
௞஺
	into ߟ by multiplying ට௞஺

௛௉
∙ ට௛௉

௞஺
 to above equation. 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)݇ܣ tanhߟඨ
ℎܲ
ܣ݇ ∙

ඨ݇ܣ
ℎܲ ∙

ඨℎܲ
 ܣ݇

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)݇ܣ
tanhߟ
ߟ

ℎܲ
ܣ݇

ඨ݇ܣ
ℎܲ ∙

1
 ܮ



(Remark: ߟ = ට௞஺
௛௉
∙ ଵ
௅
) 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)
ℎܲܮ tanhߟ

ߟ  

We can determine fin efficiency (ߟ௙) which is defined by 

௙ߟ =
ܳ௔௖௧௨௔௟
ܳூௗ௘௔௟

 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)
ℎܲܮ tanhߟ

ߟ  

ܳூௗ௘௔௟ = ( ௕ܶ − ஶܶ)ℎܲܮ 

௙ߟ =
( ௕ܶ − ஶܶ)ℎܲܮ tanhߟ

ߟ ∙
1

( ௕ܶ − ஶܶ)ℎܲܮ
 

௙ߟ =
tanh ߟ
ߟ  

 

We can determine fin effectiveness (ߝ௙)  

∈௙=
௟ܳ௢௦௦

ܳ௡௢	௙௜௡
 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)
ℎܲܮ tanhߟ

ߟ  

ܳ௡௢	௙௜௡ = ( ௕ܶ − ஶܶ)ℎܣ 

∈௙=
( ௕ܶ − ஶܶ)ℎܲܮ tanhߟ

ߟ
∙

1
( ௕ܶ − ஶܶ)݇ܣ

 

∈௙=
ܮܲ tanhߟ

ߟܣ  

  



Case III: The fin is of finite length and loses heat by convection from its end. (Facing 
convection BC at the tip of fin) 

From equation (10) 

ߠ = ܣ sinhݔߟ + Bcoshݔߟ																(10) 

 

BC1: ݖ = 0; ݔ		 = 0,			ܶ = ௕ܶ; ߠ		 = 1 

BC2: ݖ = ;ܮ ݔ		 = 1,			ܶ = ௅ܶ; 	− �݇
ௗ்
ௗ௭
ቚ
௭ୀ௅

= ℎ( ௕ܶ − ஶܶ) 

 

Turn the BC2 into dimensionless term 

݀ܶ
ݖ݀ =

( ௕ܶ − ஶܶ)݀ߠ
ݔ݀ܮ  

− �݇
݀ܶ
ฬ௭ୀ௅ݖ݀

= −
݇( ௕ܶ − ஶܶ)

ܮ
ߠ݀�
ฬ௫ୀଵݔ݀

= ℎ( ௕ܶ − ஶܶ) 

We get 

ߠ݀�
ฬ௫ୀଵݔ݀

= −
ℎܮ
݇
 ௫ୀଵ|ߠ�

 

Use BC1: 

1 = (0)ܣ +  (1)ܤ

ܤ = 1 

ߠ = ܣ sinhݔߟ + coshݔߟ																(14) 

 

 

௫ୀଵ|ߠ																						� = ܣ sinh ߟ + coshߟ 																																		(15) 

																			�
ߠ݀
ฬ௫ୀଵݔ݀

= ߟܣ coshߟ + ߟ sinhߟ 																													(16) 

 



From BC2: 	�ௗఏ
ௗ௫
ቚ
௫ୀଵ

= �ି௅௛ఏ
௞
ቚ
௫ୀଵ

, substitute equation (15) and (16) into the BC2. 

 

																																					�
ߠ݀
ฬ௫ୀଵݔ݀

= ߠℎܮ−�
݇ ฬ

௫ୀଵ
 

ߟܣ												 coshߟ + ߟ sinhߟ = 	
ℎܮ−
݇

ܣ] sinhߟ + coshߟ] 

ܣ					 ൤ߟ coshߟ +
ℎܮ
݇ sinh ൨ߟ =

ℎܮ−
݇ coshߟ − ߟ sinh  ߟ

ܣ																																															 =
ߟ)− sinhߟ + ௅௛

௞
coshߟ)

ߟ) coshߟ + ௅௛
௞
sinh(ߟ))

 

ߠ																													 = coshݔߟ − ቎
ߟ sinh ߟ + ௅௛

௞
coshߟ

ߟ coshߟ + ௅௛
௞
sinhߟ

቏ sinhݔߟ 

Temperature profile 

ܶ = ஶܶ + ( ௕ܶ − ஶܶ) ቎coshቌݖඨ
ℎܲ
+ቍܣ݇ ′ܣ sinhቌݖඨ

ℎܲ
 ቍ቏ܣ݇

 

and     ܣ′ =
ି(ఎ ୱ୧୬୦ ఎାಽ೓ೖ ୡ୭ୱ୦ ఎ)

(ఎ ୡ୭ୱ୦ ఎାಽ೓ೖ ୱ୧୬୦(ఎ))
 

 

We can determine heat loss by performing derivatives with respect to z of temperature profile 

�݀ܶ
ฬ௭ୀ଴ݖ݀

= ( ௕ܶ − ஶܶ) ቎ඨ
ℎܲ
ܣ݇ sinh

(0) + ඨ′ܣ
ℎܲ
ܣ݇ cosh

(0)቏ 

ܣ ∙ (−݇) �
݀ܶ
ฬ௭ୀ଴ݖ݀

= ( ௕ܶ − ஶܶ)ඨ
ℎܲ
ܣ݇

ܣ(݇−) = ௟ܳ௢௦௦  

 



Substitute	ܣᇱ =
ିቀఎ ୱ୧୬୦ఎାಽ೓ೖ ୡ୭ୱ୦ ఎቁ

ఎ ୡ୭ୱ୦ ఎାಽ೓ೖ ୱ୧୬୦ ఎ
, we obtain 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ) ቎
−ቀߟ sinh ߟ + ௅௛

௞
coshߟቁ

ߟ coshߟ + ௅௛
௞
sinhߟ

቏ඨ
ℎܲ
ܣ݇

 ܣ(݇−)

(Remark: ߟ = ට௉௛ܮ
௞஺
	) 

ܳ௟௢௦௦ = ( ௕ܶ − ஶܶ)
ܣ݇ߟ
ܮ ቎

ߟ sinhߟ + ௅௛
௞
coshߟ

ߟ coshߟ + ௅௛
௞
sinh ߟ

቏ 

 

                                                                                               M 

௟ܳ௢௦௦ = ( ௕ܶ − ஶܶ)ߟ
ܣ݇
ܮ  ܯ

ܳூௗ௘௔௟ = ( ௕ܶ − ஶܶ)ℎܲܮ 

 

We can determine fin efficiency (ߟ௙) which is defined by 

௙ߟ =
ܯ
ߟ

 

We can determine fin effectiveness (ߝ௙) which is defined by 

ܳ௡௢	௙௜௡ = ( ௕ܶ − ஶܶ)ℎܣ 

௙ߝ =
ܯܣ݇ߟ
ܮ

1
ℎܣ 

௙ߝ =
1
ℎܣ

ඨܲ݇
ℎܯܣ 


